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Abstract 

The standard anisotropic ray theory does not work 
properly or even fails when applied to S-wave 
propagation in inhomogeneous weakly anisotropic media 
or in the vicinity of shear-wave singularities, where the 
two shear waves propagate with similar phase velocities. 
The coupling ray theory was proposed to avoid this 
problem. In it, amplitudes of the two S waves are 
computed by solving two coupled, frequency-dependent 
differential equations along a common S-wave reference 
ray.  In this paper, we test two recently developed 
algorithms of the coupling ray theory. As a reference, we 
use the Fourier pseudo-spectral method, which does not 
suffer from limitations of the ray method and yields very 
accurate results. We study the behavior of shear waves in 
weakly anisotropic media as well as in the vicinity of 
intersection or conical singularity. By comparing the 
coupling ray theory results with results of the Fourier 
pseudo-spectral method, we illustrate clearly applicability 
of the coupling ray theory in the mentioned regions. 

Introduction 

Shear waves propagating in inhomogeneous, “weakly 
anisotropic“ media in regions, in which the two S waves 
propagate with identical or close phase velocities, do not 
propagate independently. They are coupled. This effect is 
described by coupling ray theory (Kravtsov 1968; Coates 
and Chapman 1990; Pš enčík 1998; Bulant and Klimeš  
2002; Farra and Pš enčík 2008, 2010), which is the 
generalization of both zero-order anisotropic and isotropic 
ray theories and provides continuous transition between 
them.  

There is a broad variety of coupling-ray-theory algorithms 
differing by the used approximations, which simplify 
coding and increase performance of calculations, but 
diminish the accuracy of the coupling ray theory both with 
increasing frequency and increasing degree of anisotropy. 
Refer, e.g., to Bulant and Klimeš  (2002, 2004) and Klimeš  
and Bulant (2004) for the description of different 
approximations and for their impact on synthetic 
seismograms. Most of these approximations can be 

avoided with minimal effort, with the exception of the 
common-ray approximation for S waves. 

In the common-ray approximation, only one reference ray 
is traced for both anisotropic-ray-theory S waves, and 
both S-wave anisotropic ray-theory travel times in the 
coupling equations are approximated by perturbation 
expansion from the common reference ray. Whereas 
tracing the continuous system of anisotropic-ray-theory 
rays may be very difficult in the vicinity of an S-wave 
singularity at which the S-wave slowness surfaces 
coincide, this problem does not occur in the common-ray 
approximation. The common-ray approximation thus 
eliminates problems with ray tracing through S-wave 
singularities and also considerably simplifies coding of the 
coupling ray theory and numerical calculations, but may 
introduce errors in travel times due to the perturbation. 
These travel time errors can deteriorate the coupling-ray-
theory solution. It is thus of principal importance in 
numerical applications to estimate the travel time errors 
due to the common-ray approximation, and then the 
related error of the wavefield.  

In this paper, we follow the work of Pš enčík et.al. (2011), 
who compared their approximation of the coupling ray 
theory with the standard anisotropic ray method in several 
weakly anisotropic models in vicinity of shear-wave 
singularities. Using the results of  the Fourier pseudo-
spectral method (e.g., Kosloff and Baysal 1982) as the 
reference solution, they demonstrated clear superiority of 
the coupling ray theory method over the standard 
anisotropic ray theory, and showed the problems and 
dangers of using the anisotropic ray theory in such 
“weakly anisotropic” models.  Since their method is based 
on the common S-wave rays obtained by the first-order 
ray tracing method (Farra and Pš enčík 2010), the 
approximations used during the first-order ray tracing of 
the reference ray may also deteriorate the coupling-ray 
theory solution. In this paper we thus compare the results 
of the coupling ray theory along the first-order rays by 
Farra and Pš enčík with the results obtained by coupling 
ray theory algorithm of Bulant and Klimeš  (2002), where 
emphasis was put not on the performance of the method, 
but on the avoiding of unnecessary approximations of the 
coupling ray theory and of the common ray calculation. 
We again use the results calculated by Fourier pseudo-
spectral method as a reference solution. 
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Method 

In the coupling ray theory algorithm by Farra and Pš enčík 
(2011),  the S-wave travel times in the coupling equations 
are approximated by the second-order perturbation 
expansion (Farra and Pš enčík 2010) from the first-order 
common reference ray (Farra and Pš enčík 2008), we will 
thus use abbreviation FOCRT for this method.   

In the numerical algorithm of coupling ray theory (CRT) by 
Bulant and Klimeš  (2002), anisotropic common rays are 
traced in the anisotropic model using the averaged 
Hamiltonian of both anisotropic ray theory S waves 
according to the dynamic ray tracing algorithm proposed 
by Klimeš  (2006). The S-wave travel times in the coupling 
equations are approximated by the first-order perturbation 
expansion from the anisotropic common reference ray, or, 
in models without caustics, by the second-order terms in 
the perturbation expansion (Bulant and Klimeš  2008).  

For tests of accuracy of the above-mentioned coupling 
ray theories, we used a code based on the Fourier 
pseudo-spectral method (FM), see, e.g., Kosloff and 
Baysal (1982).  The time integration is done by a 4th 
order Taylor expansion of the evolution operator. The 
highly accurate computations of spatial derivatives in 
connection with a higher order time integration technique 
result in negligible numerical dispersion. The method has 
similarities to the one described by Carcione et al. (1992), 
the major difference being the type of time integration.  
The FM does not suffer from limitations of the ray method. 
It is applicable to any type and strength of anisotropy. It 
works equally well in regular as well as in singular regions 
of the ray method. The accuracy of the FM makes it thus 
an almost ideal tool for testing the coupling ray theory. 

Numerical examples 

In this paper, we follow the work of Pš enčík et.al. (2011) 
and we compare the coupling ray theory seismograms 
with FM in different weakly anisotropic models called QI, 
SC1_I, and ORT.  In each model, the matrices of the 
density-normalized elastic moduli measured in (km/s)2 are 
specified at two depths.  Between these depths, each 
element of the matrices is linearly interpolated generating 
a medium with constant vertical gradient of elastic moduli. 
The density ρ in all models is considered to be constant,  
ρ = 1 g/cm3.   The S-wave anisotropy in the studied 
profiles, defined as  
2(cmax-cmin)/(cmax+cmin)x100%  for each wave, is maximum 
10% (SC1_I model).  The S-wave separation in the 
studied profiles, defined as 2|cS1-cS2|/|cS1+cS2| x 100%, is 
maximum 13% (model QI4).  For detailed description of 
the models refer to Pš enčík et.al. (2011).  

The synthetic seismograms, corresponding to vertical 
force F = (0,0,100)T at position (0,0,0)T, are calculated at  
receivers located in a vertical well in a distance  1 km 
from the source, see Fig. 1.  The source time function is 
the Gabor signal cos (2π f t) exp [− (2π f t / 4)2] with 
reference frequency f = 50 Hz, bandpass filtered by a 
cosine filter given by frequencies 0, 5, 60 and 100 Hz.  
The numbers and depths of the receivers differ for 
individual models, and are shown on the figures with 
seismograms.  The receivers record the vertical (positive 
downwards), transverse and radial (along the line 

connecting the source and the top of the borehole; 
positive away from the source) components of the wave 
field. The recording system is right-handed. All calculated 
seismograms are shown with no differential scaling 
between components and traces, so that true relative 
amplitudes are shown. See Figures 2 to 4 for the 
synthetic seismograms calculated in the individual 
models. 

 

 
Figure 1: Source-receiver configuration for the calculations of 
synthetic seismograms.  The numbers and depths of the 
receivers differ for individual models, and are shown on the 
figures with seismograms. 

Results 

First we consider model QI proposed by Bulant and 
Klimeš  (2008) for illustration of coupling effects. The 
model is vertically inhomogeneous, transversely isotropic 
with the horizontal axis of symmetry rotated 
counterclockwise in the horizontal plane by 45o from the 
x-axis.  The medium in model SC1_I is transversely 
isotropic. Phase velocity surfaces of S waves at the top of 
this model intersect each other, giving rise to an 
intersection singularity.  ORT is a model of vertically 
inhomogeneous weakly orthorhombic medium. It has four 
conical (point) singularities, and the waves propagating 
from the source to the profile of receivers pass close to 
one of the singularities.  In Figures 2 to 4 we can see an 
overall good fit of the seismograms of both coupling ray 
theories with the FM seismograms.  The results are nearly 
identical despite the existence of the above-mentioned 
singularities. 

Conclusions 

The tests described in this paper clearly show that the 
coupling ray theory, where applicable, yields results very 
close to those generated by the FM, which we consider 
as a very accurate reference. 

Acknowledgments 

The research has been supported by the Grant Agency of 
the Czech Republic under Contracts P210/10/0736 and 
210/11/0117, by the Ministry of Education of the Czech 
Republic within research project MSM0021620860, by the 
European Community's FP7 Consortium Project AIM 
“Advanced Industrial Microseismic Monitoring”, Grant 
Agreement No. 230669, and by the members of the 
consortium “Seismic Waves in Complex 3-D Structures” 
(see “http://sw3d.cz”). 



P.BULANT, I.PŠ ENČ ÍK, V.FARRA AND E.TESSMER 
________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________  

Twelfth International Congress of the Brazilian Geophysical Society 

3 

References 

Bulant, P., and Klimeš , L., (2002):  Numerical algorithm of 
the coupling ray theory in weakly anisotropic media, Pure 
appl. Geophys., 159, 1419–1435. 

Bulant, P., and Klimeš , L., (2004): Comparison of quasi-
isotropic approximations of the coupling ray theory with 
the exact solution in the 1-D anisotropic ‘oblique twisted 
crystal’ model, Stud. geophys. geod., 48, 97–116.  

Bulant, P., and Klimeš , L., (2008): Numerical comparison 
of the isotropic-common-ray and anisotropic-common-ray 
approximations of the coupling ray theory. Geophys. J. 
int., 175, 357-374.  

Carcione, J. M., Kosloff, D., Behle, A. and Seriani, G., 
(1992): A spectral scheme for wave propagation 
simulation in 3-D elastic-anisotropic media. Geophysics, 
57, 1593-1607. 

Coates, R.T. and Chapman, C.H., (1990): Quasi-shear 
wave coupling in weakly anisotropic 3-D media, Geophys. 
J. Int., 103, 301-320. 

Farra, V. and Pš enčík, I., (2008): First-order ray 
computations of coupled S waves in inhomogeneous 
weakly anisotropic media. Geophys.J.Int., 173, 979-989. 

Farra, V. and Pš enčík, I., (2010): Coupled S waves in 
inhomogeneous weakly anisotropic media using first-
order ray tracing. Geophys.J.Int., 180, 405-417. 

Klimeš , L., (2006): Common-ray tracing and dynamic ray 
tracing for S waves in a smooth elastic anisotropic 
medium. Stud. geophys. geod., 50, 449–462. 

Klimeš , L., and Bulant, P., (2004): Errors due to the 
common ray approximations of the coupling ray theory, 
Stud. geophys. geod., 48, 117–142. 

Kosloff, D. and Baysal, E., (1982): Forward modeling by a 
Fourier method. Geophysics, 47, 1402-1412. 

Kravtsov, Yu.A., (1968): Quasiisotropic approximation to 
geometrical optics, Dokl. AN SSSR, 183 (No. 1), 74-77 (in 
Russian). 

Pš enčík, I., (1998): Green’s functions for inhomogeneous 
weakly anisotropic media. Geophys. J. int., 135, 279–288. 

Pš enčík, I., Farra, V. and Tessmer, E. (2011):  
Comparison of the FORT approximation of the coupling 
ray theory with the Fourier pseudospectral method. Stud. 
geophys. geod., in press. 

 

 



COUPLING RAY THEORY COMPARED WITH FOURIER METHOD 
________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________  

Twelfth International Congress of the Brazilian Geophysical Society 

4 

 

 

 
Figure 2: Seismograms calculated in model QI. Vertical axis shows travel time in seconds, horizontal axis shows receiver depth in 
kilometers. All calculated seismograms are shown with no differential scaling between components and traces, so that true relative 
amplitudes are shown. Black color is used for the Fourier pseudo-spectral method (FM) seismograms, red color for coupling ray theory of 
Farra and Pš enčík (FOCRT), green for coupling ray theory by Bulant and Klimeš  (CRT). All the seismograms are in a good agreement. 



P.BULANT, I.PŠ ENČ ÍK, V.FARRA AND E.TESSMER 
________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________________________ ________________  

Twelfth International Congress of the Brazilian Geophysical Society 

5 

  

 
Figure 3: Seismograms calculated in model SC1_I.  Vertical axis shows travel time in seconds, horizontal axis shows receiver depth in 
kilometers. All calculated seismograms are shown with no differential scaling between components and traces, so that true relative 
amplitudes are shown. Black color is used for the Fourier pseudo-spectral method (FM) seismograms, red color for coupling ray theory of 
Farra and Pš enčík (FOCRT), green for coupling ray theory by Bulant and Klimeš  (CRT). All the seismograms are in a good agreement. 
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Figure 4: Seismograms calculated in model ORT.  Vertical axis shows travel time in seconds, horizontal axis shows receiver depth in 
kilometers. All calculated seismograms are shown with no differential scaling between components and traces, so that true relative 
amplitudes are shown. Black color is used for the Fourier pseudo-spectral method (FM) seismograms, red color for coupling ray theory of 
Farra and Pš enčík (FOCRT), green for coupling ray theory by Bulant and Klimeš  (CRT). All the seismograms are in a good agreement. 


