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Abstract

In time domain acoustic full waveform inversion
(FWI) the source wavelet needs to be estimated
for each frequency due the multiscale approach.
The same adjoint method used to find the velocity
model perturbation in FWI workflow can be applied
to estimate the source wavelet. We carried out a
2D synthetic experiment simulating an ocean bottom
cable (OBC) acquisition to generate the observed
data used in both wavelet inversion and velocity
model inversion. The observed data was filtered
in different ranges of frequency to prepare it for
the FWI workflow. The inversion problem in which
the source wavelet is estimated uses the 1D wave
equation to generate the calculated data. Because
of it, the estimated wavelet needed to be rescaled
to compensate the difference between 1D and 2D
wave equation modeling. After evaluation of the
objective function (cost function, error function), its
gradient was obtained by the adjoint method. And the
gradient direction was used to minimize the objective
function in an iterative nonlinear optimization problem.
The nonlinear optimization problem was solved by
the steepest descent method. This strategy allowed
to find an inverted source wavelet that produced
consistent results in generating the 2D calculated data.
Furthermore, the estimated source wavelet was used
in acoustic FWI workflow to estimate a velocity model.
The results indicate that the velocity inversion using
the estimated source wavelets will converge. As long
as, the main structures of the true velocity model,
used to generate the observed data, are identified in
the inverted velocity model. With this methodology
was possible to perform a more realistic synthetic
experiment.

Introduction

The wavelet estimation is an important stage in full
waveform inversion (FWI) method. The estimative of
appropriated wavelet will permit to generate a calculated
data that will produce a more accurate fit with observed
data. Resulting in better convergence proprieties of the
optimization method used to solve the nonlinear inverse
problem. In time domain FWI problem, the estimative of
source wavelet need to be separated into different ranges
of frequency because of multiscale strategy. This approach
will mitigate the cycle skipping problem (Bunks et al., 1995;

Pratt, 1999; Virieux and Operto, 2009; Brossier et al.,
2009).

There are many different ways to extract the source
wavelet from observed data (Sears et al., 2010). Most
of them employ the convolutional model to extract the
source wavelet from seismic sections. Those methods
typically require a series of reflectivity obtained from well-
log information. When there is no well-log information, the
reflectivity series is assumed to be an uncorrelated random
variable (Wang, 2016). In FWI synthetic tests, the source
wavelet estimation is harder because we would need a
stack seismic section to use the convolution-based source
wavelet estimation.

In order to avoid any kind of seismic processing in synthetic
seismic experiments, we estimate the source wavelet using
only the 1D wave equation and 2D pre-stack dataset. We
solve a nonlinear inversion problem (Nocedal and Wright,
2006) in which the source wavelet is the parameter to be
found by the optimization method. This problem was solved
by the steepest descent method.

In nonlinear optimization problems, the calculation of the
descent direction (perturbation) in parameter space is one
of most intensive computation steps. Thus, its calculation
needs to be very effective. In the steepest descent method,
the descent direction is the gradient of the objective
function (L2-norm of residuals). The descent direction
can be calculated optimally by the adjoint method which
estimates the gradient of objective function without Fréchet
derivatives (Lailly, 1983; Tarantola, 1984; Plessix, 2006;
Virieux and Operto, 2009).

To apply 1D source wavelet estimation by the adjoint
method, it was used a 2D synthetic seismic dataset
generated by the approximation of the 2D wave equation
by finite differences in time domain (Levander, 1989). The
Marmousi velocity model (figure 1a) was used to create the
observed data. The source wavelet used to generate the
observed data has a wide-band frequency. It’s a relevant
issue because the observed data was decomposed in
different ranges of frequency.

The wavelet estimation algorithm used the trace closest
of the source in each seismogram (observed data). The
chosen trace was compared to the data calculated by the
1D wave equation modeling. The objective function was
computed and used to calculate the gradient direction by
the adjoint method. Then, it was solved the optimization
problem iteratively through the steepest descent method.

The inverted wavelet was filtered in the same range of
frequencies of the observed dataset and applied in the
FWI process to estimate the velocity model from the initial
velocity model (figure 1b). With this approach was possible
to estimate the source wavelet in time domain multiscale
FWI context. This methodology will permit to add the
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Figure 1: a) Marmousi acoustic velocity model [(Versteeg,
1994);(Martin et al., 2006)] b) Smoothed Marmousi velocity
model, it was used as the initial model of the FWI workflow.
The cyan dots represent the receiver positions in the sea
bed and the red asterisks are the source positions. The
black dashed line indicates the position of the profile on the
left side.

wavelet inversion into the FWI workflow. In addition, the
seismic inversion synthetic experiment will become more
realistic.

Materials and Methods

Synthetic Observed Data

The observed data was generated synthetically using a
source wavelet with a wide band of the frequency spectrum
(figure 2a) to simulate a real seismic source. This source
wavelet was calculated using the expression given by
Cao and Han (2011). They called it Wide Band B-spline
wavelet, and has the following expression:

w(xs, t) =
1

q− p

√
fb

(
sinc

(
fb.t
m

))m

(qsinc(2qt)− psinc(2pt))δ (x−xs), (1)

where the parameters q, p, fb e m define the source
frequency spectrum with precision. And x is the 2D spacial
coordinates (x and z), xs is the source positions, δ is Dirac
delta function and t is the time. The parameters were
chosen to generate a source wavelet with a wide frequency
spectrum and cutoff frequency of 30 Hz. The chosen
parameters were q = 25, p = 5, fb = 20 e m = 8.

The 2D acoustic wave equation:

1
c2(x)

∂ 2

∂ t2 p(x, t)−∇
2 p(x, t) = w(xs, t), (2)

and its discretization using finite difference of 4th order
in space and 2nd order in time (Levander, 1989) was
used to propagate the source wavelet (equation 1) through
the velocity model c(x). The pressure field p(x, t) was
registered on sea bed (dobs = p(xr, t)), where xr is the
receiver positions. This configuration simulates a seismic
acquisition using a ocean bottom cable (OBC). The figure
2b shows an example of synthetic observed data using
Marmousi acoustic velocity model (figure 1a). It was
generated 32 shots with 3 seconds of registering each
shot.

Data decomposition

In pursuance of applying FWI in the time domain, the
observed data was decomposed in different range of
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Figure 2: a) Wide Band B-spline wavelet (Cao and Han,
2011) used to generated synthetic observed data. b)
Synthetic seismogram created using Wide Band B-spline
wavelet used as observed data. The red dashed line
indicates the position of trace on the left.

frequencies to take advantage of the multiscale approach
and avoid the cycle skipping problem (Virieux and Operto,
2009). For this reason, the observed data was filtered
in some ranges of frequencies. In this work, we use the
frequencies of 0-12 Hz, 0-18 Hz, 0-24 Hz and 0-30 Hz in
the FWI.

The decomposition of the observed data in several ranges
of frequencies can be done using a low pass filter. It
was applied a zero-phase, sine-squared tapered filter. The
observed data (figure 2b) was filtered with a cut frequency
of 12 Hz, 18 Hz and 24 Hz. Two examples of filtered
Seismogram with cut frequency of 12 Hz and 24 Hz are
showed in the figures 3a and 3b, respectively.
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Figure 3: Low pass filter applied on observed data with
cutoff frequency of a) 12 Hz and b) 24 Hz. The red dashed
line indicates the position of the trace on the left.

Wavelet Estimation

According to Schuster (2017), the source wavelet inversion
can be viewed as 1D full waveform inversion (FWI). This
nonlinear iterative inverse problem was solved by the
steepest descent method (Nocedal and Wright, 2006) and
the update direction was found through the adjoint method.

The adjoint method (Lailly, 1983; Tarantola, 1984; Plessix,
2006; Virieux and Operto, 2009; Fichtner, 2010) permitted
to calculate the gradient of objective function (update
direction) without evaluation of Fréchet derivatives. This
step is one of the most intensive computations tasks in
seismic inversion problem algorithm and it can be done
efficiently with the adjoint method.

For the source wavelet estimation was used the 1D wave
equation (equation 2 with x = z) as the forward problem.
The source wavelet w was chosen as the parameter that
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will be optimized. Then, it was used L2 norm objective
function:

χ(w) =
1
2

∫
T
‖dobs(zrec, t)−dcal(zrec, t)‖2dt, (3)

in which the observed synthetic data, generated with
the 2D wave equation is compared to the calculated
data generated with the 1D wave equation. The finite
differences method also was used to solve 1D forward
problem and obtaining the 1D calculated data (seismic
trace).

The method of Lagrange multipliers was used to minimize
the objective function (equation 3) and find its local
minimum under the constraint of forward problem. If we
write the forward problem operator as F [p(z, t)] = w(t), the
unconstrained Lagrangian is given by (Plessix, 2006):

L (w, p, p†) =
1
2

∫
T
‖dobs(zrec, t)−dcal(zrec, t)‖2dt

−
∫

T
p† [F (p(z, t))−w(t)]dt,

(4)

where p† is the Lagrange multipliers or adjoint field.

The gradient of Lagrangian, considering the source wavelet
as parameter to be inverted, is:

∇L (w, p, p†) =

(
∂L

∂w
,

∂L

∂ p
,

∂L

∂ p†

)
. (5)

As we only want to seek solutions in wavelet space
(parameter space), we can impose:

∂L

∂ p† = 0 (6)

and we found the constrain used to construct the
unconstrained Lagrangian, the forward operator:

1
c2(z)

∂ 2

∂ t2 p(z, t)−∇
2 p(z, t) = w(z, t). (7)

Second, we can impose:

∂L

∂ p
= 0, (8)

and we found the backward operator:

1
c2(z)

∂ 2

∂ t2 p†(z, t)−∇
2 p†(z, t) = ∆d. (9)

The adjoint field p† need to be calculated in reverse time
using the residual (∆d) as source (Fichtner, 2010). Note
that forward field (p = p(z, t,w)) and adjoint field (p† =
p†(z, t,w)) also depend of the wavelet . So, using chain
rule:

∇L (w, p, p†) =
∂L (w, p(w), p†(w))

∂w

=
∂L

∂w
+

∂L

∂ p
∂ p
∂w

+
∂L

∂ p†
∂ p†

∂w
.

(10)

Since we supposed that
∂L

∂ p
= 0 and

∂L

∂ p† = 0, we found

the direction h that minimize the objective function, or the
Lagrangian unconstrained (Schuster, 2017):

h = ∇L (w, p, p†) =
∂L (w, p, p†)

∂w
= p†(zrec, t) (11)

The equation 11 gives the update direction of the iterative
nonlinear optimization problem that can be solved through
steepest descent method:

wk+1(t) = wk−αkhk (12)

where αk is the step length found by steepest descent
method (Nocedal and Wright, 2006).

Practical issues

For the sake of applying the source wavelet inversion in
the 2D dataset is necessary some adjusts to improve the
final results. First, we need to select the nearest receiver
of the source for each shot. Then, to compare the chosen
trace with the calculated data derived from the 1D wave
equation. Second, it is required to pick the first arrival
and use it only as observed data. Third, to choose an
initial wavelet that produces a calculated data with similar
phase to observed data. The initial wavelet applied in the
inversion was a Ricker (Ryan, 1994).

The adjoint field p†(z, t) was calculated using the same
1D wave equation operator by finite differences that solve
the forward problem. However, the modeling need to be
done in reverse time and the residual data (∆d(zrec, t) =
dobs(zrec, t)−dcal(zrec, t)) as the source term. The registered
adjoint field at receiver position, p†(z = zrec, t), is the update
direction of nonlinear iterative optimization problem given
by equation 11.

After the steepest descent method to achieve the local
minimum, the phase of the inverted source wavelet was
forced to be zero and its amplitude was rescaled for each
range of frequencies used in the FWI process. In that way,
the calculated data derived from the 2D wave equation
operator using the estimated wavelet has an amplitude
similar to the observed data. This implies in a residual data
that has a better convergence rate in FWI algorithm.

Results

Calculated data - 1D problem

The estimated wavelet was obtained using the observed
seismogram (figure 2b). The initial calculated data was
derived from 1D wave equation operator, it is represented
as the dashed gray line in figure 4a. The observed data
is the solid black line. And the final estimated data (with
the cut frequency of 30 Hz) is showed as a solid gray
line. The figure 4b shows the comparison between the
filtered observed data and the calculated data for the cut
frequencies of 12 Hz, 18 Hz, and 24 Hz, respectively.
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Figure 4: a) Nearest trace of the source of 2D synthetic
observed data (solid black line), initial calculated data
with 1D wave equation operator (dashed gray line) and
calculated data using the inverted wavelet (solid gray lines).
b) Comparison between the filtered observed data (black
lines) and calculated data generated with source wavelet
with frequencies of 12 Hz, 18 Hz, and 24 Hz.

Estimated source wavelet

The initial source wavelet (gray lines) and estimated source
wavelet (black lines) are showed in figure 5. On top of each
figure are the normalized wavelets in the time domain. On
the bottom, there are the normalized frequency spectrum
of each wavelet. The initial wavelet chosen was the Ricker
wavelet with the cut frequency of 30 Hz.

In order to apply the multiscale strategy, the inverted
wavelet (figure 5a) was filtered using the same filter used in
the observed data to decompose it the several frequencies.
The same parameters was chosen to filter the estimated
wavelet with cut frequencies of 12 Hz (figure 5b), 18 Hz
(figure 5c) and 24 Hz (figure 5d).

Calculated and residual data - 2D problem

The calculated data (figure 6a) using the inverted wavelet
and the 2D wave equation operator was compared to the
synthetic observed data (figure 2b). It was used the same
velocity model (figure 1a) to generate the calculated data.
The residual is showed in figure 6b, it was calculated doing
the difference between the observed and calculated data.

Velocity model inversion

The estimated wavelets (figure 5) were used in FWI
process for each range of frequency of the multiscale
approach (0-12 Hz, 0-18 Hz, 0-24 Hz and 0-30 Hz). The
true velocity model (figure 1a) was smoothed and it was
used as initial model (figure 1b) in the FWI. The initial
velocity model mimics a low wavenumber velocity model
constructed through a tomography method or using a well-
log information. The inversion of the velocity model used
the quasi-Newton l-BFGS optimization method (Métivier
and Brossier, 2016) and the adjoint state method to find the
update direction (objective function gradient) in the model
space. The final results of the inversion for each frequency
are shown in the Figure 7.

Discussion and Conclusion

We used a 2D synthetic seismic experiment to apply a
seismic inversion method to estimate the source wavelet
through the seismograms (figure 2b). The source wavelet
estimation used the adjoint method (equation 11) to
calculate the gradient directions and the steepest descent
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Figure 5: Initial wavelet (gray lines) and inverted wavelet
(black lines) for a) the inverted wavelet with cut frequency
of 30 Hz, b) filtered inverted wavelet with cut frequency of
12 Hz, c) filtered inverted wavelet with cut frequency of 18
Hz and d) filtered wavelet with cut frequency of 24 Hz. On
the upper part of the figures are the normalized wavelet in
the time domain and on the bottom part of the figures are
the normalized amplitude spectrum of the wavelets.
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Figure 6: a) Example of a calculated data using the true
model and the estimated wavelet. b)Residual between
observed and calculated data.

method (equation 12) to solve the nonlinear optimization
problem, the same methods used in FWI process.

The numerical experiment used the same theoretical
ingredients to solve the direct and the inverse problem,
this is known as the inverse crime (Wirgin, 2004). This
procedure was done to avoid any seismic pre-processing
of the observed data (Virieux and Operto, 2009; Sears et
al., 2010; Ratcliffe et al., 2011).

An amplitude rescaling of the estimated source wavelet
was done because of the differences between the 1D and
2D wave equation. The source wavelet estimation used the
1D wave equation operator while the synthetic observed
dataset and the FWI used 2D wave equation operator.
So, the amplitude of the source wavelet estimated was
forced to generate a similar amplitude to the observed
data. It is important to note that the rescaling was done
for each range of frequency of the FWI process. Thus,
the estimated wavelet (figure 5a) was filtered using the cut
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Figure 7: The velocity models inverted by the time domain
FWI. It was applied to the multiscale approach using the
source wavelet inverted for each cut frequency. a) 12 Hz
b) 18 Hz c) 24 Hz and d) 30 Hz. The dashed black lines
indicate the position of the profile on the left of each figure.
On the profiles, the black lines are the true velocity model,
the red lines are the initial velocity model and the blue lines
are the estimated velocity model.

frequencies of 12 Hz (figure 5b), 18 Hz (figure 5c) and 24
Hz (figure 5d). Those filtered wavelets was used as source
wavelet in each step of the multiscale approach of FWI.

Despite the amplitude correction, the final result of the FWI
process provided an inverted velocity model (figure 7d)
similar to the true model (figure 1a). On the estimated
model is possible to see the main geological structures
suggesting that the estimated model achieved a minimum.
The intermediate inverted models for each cut frequency
(figures 7a, 7b and 7c) show the increase of the resolution
for each step of multiscale approach.

The estimated source wavelet (figure 5a) is very similar
to the true wavelet (figure 2a) that was used to generate
the observed data. The main difference can be seen in
the frequency spectrum, where part of the low frequencies
are missing. Despite that, the inverted wavelet generated
a calculated data (figure 6a) very similar to the observed
seismogram (figure 2b), providing small residuals (figure
6b).

Finally, this methodology can be used to make the synthetic
seismic experiment more realistic in the time domain
FWI context. In future works, we can include random
noise to the observed dataset and try different acquisition
geometries with the same propose. Furthermore, this
methodology shows that is possible to integrate the
source wavelet estimation using the adjoint method in FWI
workflow.
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