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Abstract

We propose a simple transformation to aid the
interpretation of magnetic anomalies generated by
linear structures. The profile of such anomalies across
the strike can be decomposed into two signals, one being
symmetric and the other antisymmetric with respect to the
center of the source. The symmetric component serves
as input data to a variety of depth estimation techniques
that often assume the anomaly is reduced to the pole.
We use the fact that these components form a Hilbert
transform pair to transform a skewed anomaly profile
into a symmetric one. Unlike in previous works that rely
on the decomposition into even and odd functions, the
profile does not need to be shifted to the source’s center
of symmetry or to be limited to one isolated anomaly.
Multiple effective magnetization directions presented by
different dikes are modeled by a function representing the
different local effective dip angles. We validate the method
with synthetic data and ground magnetic survey data from
a dike swarm located at Ponta Grossa Arch, southern
Brazil. We also illustrate the usefulness of reconstructed
anomalies in depth estimation methods. The results show
also that the method is capable of handling interfering
sources with distinct effective magnetization directions.

Introduction

The seminal work of Nabighian (1972) on the analysis
of two-dimensional structures with the analytic signal is
the starting point of numerous enhancement and depth
estimation techniques.

The magnetic anomaly profile of a dike model of infinite
depth extent, as well as other 2D structures, can be
mathematically expressed in the form M(x)=A[cosQ f s(x)+
sinQ f a(x)], where A is an amplitude coefficient and Q is an
effective angle that depends on geological and magnetic
dips, while f s(x) and f a(x) are composite functions of
inverse tangents and logarithms, respectively (Nabighian,
1972). The use of the analytic signal to interpret magnetic
data was motivated by the fact that horizontal and vertical
derivatives of M(x) constitute a Hilbert transform pair. The
Hilbert transform is itself a common interpretation tool
(Ram Babu and Atchuta Rao, 1991; Sundararajan et al.,
1998). On the other hand, the fact that f s(x) and f a(x) also
constitute a Hilbert transform pair has been poorly explored
in the literature, to our knowledge.

Hutchison (1958) pioneered the decomposition of magnetic
profiles into f s(x) and f a(x), studying their symmetry
properties and determining source parameters from their
representation in logarithmic scale. In particular, f s(x) and
f a(x) become respectively even and odd functions when
the origin is shifted to the source center. He also pointed
out that these components can be separated by a graphical
procedure that was later formalized as a decomposition
into even and odd functions (Rao and Murthy, 1967),
while the location of the symmetry center was studied by
Powell (1967). Bhimasankaram et al. (1978) applied this
parity decomposition to obtain the depth, half-width, and
the effective angle Q in frequency domain. Kara et al.
(1996) have further developed several interpretation tools
starting from the same principle. de Souza et al. (2020)
proposed a weighted average based on both even and odd
components as an alternative to the reduction-to-the-pole
filter.

We use the relationship between f s(x) and f a(x) through
Hilbert transform to obtain a reconstructed symmetric
anomaly without having to displace the origin of the
coordinate system to the dike’s center. This approach
is able to generalize the above studies to the case of
multiple dikes and other two-dimensional structures. As
pointed out by de Souza et al. (2020), the reconstructed
anomaly is useful in depth estimation techniques that have
been developed for anomalies with vertical magnetization.
Similarly to Paine et al. (2001) and Pilkington and Beiki
(2013), the reconstruction algorithm can be employed in
an inversion code to reduce the influence of remanent
magnetism.

Theory

Let us consider the magnetic anomaly M(x,z) =
A[cosQ f s(x− x0,z)+ sinQ f a(x− x0,z)],

f s(x,z) = tan−1 x+a
z0− z

− tan−1 x−a
z0− z

,

f a(x,z) = 1
2 ln

(x+a)2 +(z0− z)2

(x−a)2 +(z0− z)2 ,

(1)

produced by an infinite dyke model with half-width a, depth
to top z0, and center at x0. The effective dip angle
Q and amplitude A depend on the geologic dip angle
and induced/remanent magnetization. A similar formula
applies to finite steps (Nabighian, 1972; Ram Babu and
Atchuta Rao, 1991).

For simplicity, we consider the observation height z = 0 and
denote M(x,0) = M(x), f s(x,0) = f s(x), and f a(x,0) = f a(x).
As pointed out by Ram Babu and Atchuta Rao (1991),
the Hilbert transform of M(x) is H[M(x)] = −cosQ f a(x) +
sinQ f s(x), thus H[ f s(x)] =− f a(x) and H[ f a(x)] = f s(x), i.e.,
f s and f a constitute a Hilbert transform pair. It follows that
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the anomaly M(x) and its symmetric component Ms(x) =
A f a(x) satisfy{

M(x) = cosQMs(x)− sinQH[Ms(x)],
H[M(x)] = cosQH[Ms(x)]+ sinQMs(x). (2)

Solving the above system for [Ms(x),H[Ms(x)]]T , we find[
Ms(x)
H[Ms(x)]

]
=

[
cosQ sinQ
−sinQ cosQ

][
M(x)
H[M(x)]

]
. (3)

Note that the components of the zero-order analytic signal
(Cooper, 2015) of M(x) and Ms(x) are related by a classical
rotation matrix with angle Q, which does not change the
amplitude of the rotated signal, hence the transformation
from M to Ms is energy-preserving.

The symmetric anomaly Ms(x) can be obtained from the
first row of equation 3:

Ms(x) = cosQM(x)+ sinQH[M(x)], (4)

noting that the Hilbert transform can be readily computed
in Fourier space (Nabighian, 1972). The same procedure
can be applied to the spatial derivatives of the total field
anomaly, since the derivatives of f s and f a are also Hilbert
transform pairs.

As Murthy (1985), we evaluate the effective angle Q as the
ratio

Q = tan−1 Mx(x0)

Mz(x0)
, (5)

where x0 is estimated by the maximum analytic signal
amplitude (ASA) (de Souza et al., 2020). In the case
of multiple dikes, we interpolate the effective angles at
each dike center estimated through equation 5. Moreover,
we use a selection criterion based on the threshold
peak prominence to locate the most physically significant
structures, avoiding spurious peaks generated by noisy
data (Pirok et al., 2018).

Results and discussion

In the following we illustrate the reconstruction formula
4, which we refer to as Hilbert Transform Decomposition
(HTD), with examples of synthetic and field anomalies
generated by multiple dike-like structures. We obtain
reconstructed profiles of the total field anomaly (TFA) as
well as its vertical derivative (VDR), and use them to
compute source depths. For field data, we also compare
the HTD anomalies with those obtained by reduction-to-
the-pole (RTP).

Synthetic example

Let us consider a model of two dikes with half-width a = 20
m, depths z1 = 100 m and z2 = 50 m, centers at x1 = 700 m
and x2 = 1200 m, and effective angles Q1 = 30◦ and Q2 =
−60◦. The TFA is given as M(x) = M1(x)+M2(x), where,
for i = 1,2, Mi(x) = A[cosQi f s

i (x− xi)+ sinQi f a
i (x− xi)], with

A = 200 nT, and

f s
i (x) = tan−1 x+a

zi
− tan−1 x−a

zi
,

f a
i (x) =

1
2 ln

(x+a)2 + z2
i

(x−a)2 + z2
i
.

(6)

We added Gaussian noise to TFA with a standard deviation
of 0.1 nT. In Figure 1 we present the noise-corrupted TFA
(Fig. 1a) along with its VDR (Fig. 1b). Figure 2a shows
the analytic signal amplitude (ASA), where the peaks with
threshold prominence of 10% are highlighted.

Figure 1: (a) Total field anomaly (TFA) generated by two
dikes. (b) Vertical derivative (VDR) of the data in (a).

The function representing the effective dip angle (Fig. 2b)
is constant over each individual anomaly and equal Qi =
tan−1 Mx(xi)/Mz(xi), which is estimated from equation 5
using the anomaly source center xi. The domain of each
anomaly lies between the two minima of ASA (squares in
Figure 2a) adjacent to the maximum in xi. We connect
these constant functions by linear interpolation, as shown
in Figure 2b.

Figure 2: (a) ASA of the data in Figure 1a. Circles
and squares denote relative maxima and minima of ASA,
respectively, with threshold peak prominence of 10% of the
absolute maximum. (b) Interpolated effective dip angle.
Each plateau represents the effective dip angle of an
individual dike and the gap between them is located over
a minimum of the ASA.

The HTD reconstruction of TFA may produce a
discontinuity at the transition between dikes depending
on the difference in the magnitude of adjacent effective
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angles. In this case, one should split the profile or conform
the base level of each dike so that their anomalies match
at the average level (Fig. 3). We have noted from the
numerical experiments that such a correction is not
necessary on the reconstructed symmetric part of the
anomaly derivatives.

Figure 3: The steep variation in the estimated effective dip
angle leads to a discontinuity in the reconstructed anomaly
(blue). By adjusting the base level of the contribution from
each dike (dashed lines) to their average (dotted line), we
obtain a continuous reconstructed anomaly (red).

In Figure 4a, the corrected reconstruction of TFA is
compared with the noise-free theoretical one, Ms(x) =
A[ f s

0(x − x0) + f s
1(x − x1)], while the HTD reconstruction

of VDR and Ms
z are shown in Figure 4b. The

reconstructed symmetric anomaly is significantly affected
by the truncation of the Hilbert transform numerical
calculation. On the other hand, the reconstructed VDR
fits very well the theoretical one, except at the transition
between the dikes. Nevertheless, the gap between the
individual anomalies is barely visible.

Figure 4: Reconstruction of the magnetic profile shown in
Figure 1a, compared with the noise-free symmetric part of
the anomaly (Theo), Ms(x) = A[ f s

0(x− x0)+ f s
1(x− x1)]. (a)

HTD reconstruction of the TFA. (b) HTD reconstruction of
the VDR.

Field example

Our study area is located in the Ponta Grossa Arch (PGA),
southern Brazil. A major feature of the PGA structural
framework, presented by Ferreira (1982), is the presence
of four magnetic lineaments, namely Guapiara (northern
limit), São Jerônimo-Curiúva and Rio Alonzo (central
region), and Rio Piquiri (southern limit), as indicated in
Figure 5. These lineaments extend over 600 km in the NW-
SE direction and are related to diabase dike swarms.

We use a profile obtained from the ground magnetic survey
carried out by Castro et al. (2008). The profile is 12224 m
long with sampling interval of approximately 25 m. The
geological map of the Ponta Grossa Arch and the location
of the magnetic profile are indicated in Figure 5.

Figure 5: Geological map of the Ponta Grossa Arch with
the location of the study area (left) and the magnetic profile
(right). Adapted from Louro et al. (2019).

The profile data is shown in Figure 6a, while its VDR is in
Figure 6b. As the synthetic example, we compute the ASA
and the effective dip angle (Figs. 7a and 7b, respectively).

Figure 6: (a) TFA of the magnetic profile shown in Figure
5. (b) VDR of the data in (a).

Figure 8 compares the results of HTD with those obtained
through RTP, considering that during the acquisition the
inclination and declination of the IGRF field were −35◦

and −19◦, respectively (Castro et al., 2008). Figure 8a
compares HTD and RTP transformations of TFA, while the
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Figure 7: (a) ASA of the data in Figure 6a. Circles
and squares denote relative maxima and minima of ASA,
respectively, with threshold peak prominence of 10% of the
absolute maximum. (b) Interpolated effective dip angle.

comparisons of VDR are done in separate figures (Figs. 8b
and 8c). To assess the independence from the effective
magnetization direction, the ASA is displayed with the
vertical derivatives.

In general, the reconstructed curves are in agreement
with RTP anomalies when remanent magnetization is not
significant or has a direction similar to the induced one
but the former is able to correct the dipolarity due to
remanence and/or geological dip while RTP is not capable
to. The identification of the remanent magnetization using
RTP could be done in combination with other processing
techniques in an iterative manner (Roest and Pilkington,
1993). Regarding vertical derivatives, most of the higher-
amplitude anomaly peaks of the HTD curve coincide
with those of the ASA curve (Fig. 8b). Moreover,
HTD provides a better resolution of the small-amplitude
anomalies than ASA. On the other hand, some peaks of the
RTP anomalies are laterally displaced with respect to ASA
(Fig. 8c), indicating the presence of significant remanent
magnetization in the sources of these anomalies.

Application to depth estimation

In the following we use the reconstructed anomalies to
estimate depth of the dikes using, for comparison, two
different methods: Euler deconvolution (Thompson, 1982)
and the curvature method (Phillips et al., 2007).

Euler deconvolution for profile data consists in finding the
coordinates (x0,z0) of the source center and a regional field
B corresponding to the least-squares solution of

(x− x0)Mx +(z− z0)Mz = N(B−M), x ∈W, (7)

where W = {x1, . . . ,xNW } is a moving window that scans the
grid. The Euler deconvolution algorithm does not require
symmetric anomalies for the dike model (Reid et al., 1990),
thus it may be applied either to the original profile or to
its HTD reconstruction. We use the structural index N=1
and a moving window of NW=10 grid points. Moreover,
we select the solutions that satisfy the acceptance criterion
z0/(Nσz0)≥ 20 (Thompson, 1982).

Figure 8: Reconstruction of the magnetic profile shown in
Figure 5, compared with the RTP profile. (a) TFA (HTD
and RTP). (b) HTD reconstruction of the VDR. (c) VDR of
the RTP profile. In (b) and (c), the ASA (black line) is also
shown.

In the curvature method, the depth is estimated by the
formula

z0(x0) =

√
−2βS(x0,0)

K(x0,0)
, (8)

where S(x,z) is a transformed anomaly that peaks directly
over a source center (x0) and has the form S(x,z) = α((x−
x0)

2 +(z− z0)
2)−β . Phillips et al. (2007) refer to S as the

special function. Moreover, K is the curvature of S, defined
as follows:

K(x,z) =
Sxx(x,z)

[1+S2
xx(x,z)]3/2

, Sxx(x,z) =
∂ 2S
∂x2 (x,z). (9)

Some transformations have been proposed to generate
special functions, such as RTP and ASA. We
propose obtaining the special function S through HTD
reconstruction. Given the analogy between the parameter
β and the structural index N, we use β = 1. Moreover,
we compute the second derivatives of S in the curvature,
equation 9, using the reconstructed VDR.

Figure 9a shows the depth estimates by Euler
deconvolution using the original (TFA) and the
reconstructed (HTD) anomalies. The differences between
the estimates using the original or the reconstructed
anomaly are not significant, which further confirms that the
HTD reconstruction is eligible to use in depth estimation.
Figure 9b presents the depth estimates provided by the
curvature method when the special function S is either ASA
or HTD. The solution obtained by ASA is strongly affected
by noise in the curvature K (Fig. 9c). The curvature of ASA
around the deeper dike has about the same magnitude as
the noise, which may explain its lower accuracy for this
kind of source. On the other hand, the curvatures of both
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HTD and ASA reach a relatively higher magnitude around
the shallower dike, and their depth estimates have nearly
the same accuracy. We remark that Phillips et al. (2007)
recommended combining ASA with vertical integration to
mitigate the noise due to high-order derivatives.

Figure 9: Depth estimates for synthetic data: (a) Euler
deconvolution using the original (TFA) and reconstructed
(HTD) profiles; (b) Curvature method with special function
given by ASA and HTD; (c) Normalized curvature of the
special functions.

For the field data, we also consider the depth estimates
obtained by RTP. Figure 10 shows the results from Euler
deconvolution. The solutions obtained by TFA (Fig.
10a) are less clustered than those based on HTD and
RTP (Figs. 10b and 10c), especially around 9000 m
distance. Nevertheless, the distribution of solutions on all
approaches are similar to each other, corroborating the
low sensitivity of Euler deconvolution to the magnetization
direction.

For the curvature method, the results from the ASA special
function (Fig. 11a) are less affected by noise than in the
synthetic example. These results are similar to the ones
from HTD (Fig. 11b) and are concordant with the Euler
deconvolution estimates. In both methods, the estimated
depths are below 100 m. These estimates agree with the
average thickness of sediment layers from three boreholes,
located near the study area, that reached the top of the
basement (Lessa et al., 2000; Castro et al., 2018). On
the other hand, the solutions generated by RTP (Fig.
11c) are significantly discrepant as a result of remanent
magnetization.

Figure 10: Euler deconvolution solutions obtained for field
data using (a) TFA (data from Fig. 6a), (b) HTD (data from
Fig. 8a, red), and (c) RTP (data from Fig. 8a, blue).

Figure 11: Depth estimates from the curvature method for
field data using (a) ASA (data from Fig. 7a), (b) HTD (data
from Fig. 8a, red), and (c) RTP (data from Fig. 8a, blue).
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Conclusion

A new relationship between symmetric and antisymmetric
components of a theoretical anomaly profile model has
been explored, leading to the reconstruction of the
symmetric anomaly through an intuitive transformation of
the zero-order analytic signal.

The proposed transformation provides reasonable results
for synthetic and field data beyond the well-known case
of an isolated anomaly, though the regional field poses
difficulties to the reconstruction of the TFA. The field
example illustrates the main attributes of the reconstructed
VDR: it yields narrower anomalies than the ASA, allowing
more accurate location and identification of the sources,
and it yields more symmetrical and centralized anomalies
in comparison to RTP, because it does not depend on the
effective dip angle.

The proposed technique has potential to speed up the
interpretation of profile data, as it does not require isolating
a single anomaly or a preliminary investigation of remanent
magnetism. The method could be applicable to other 2D
models than the dike model.
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