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Abstract

Recent decades have seen an exponential increase in
the amount of data to be collected, stored,
transmitted and processed. In particular with regard
to seismic data, data compression is becoming an
indispensable tool to meet this challenge. In many
cases, lossless compression of seismic data is
indicated or even necessary. Many ideas and
solutions are being proposed for data compression in
all areas. In this context, the present study deals with
lossless seismic data compression, analyzing the use
of integer wavelet transforms (IWT) as a decorrelation
strategy in order to obtain better compression
results. The study compares the variation in entropy
and compression ratio (CR) between the original
samples and wavelet coefficients for a set of
Cohen-Daubechies-Feauveau family’s wavelets. The
effectiveness of the IWT at the decorrelation stage is
analyzed for seismic volumes in combination with
traditional and modern encoding algorithms.

Introduction

The increase in the efficiency of acquisition and the
quality of data representation has facilitated the high
availability of massively large data, which is becoming
more frequent and essential in the most diverse contexts
of seismic data processing and analysis. Additionally, in a
scenario where communication and processing are
already distributed, transferring information between
processing entities must be carried out efficiently,
ensuring the integrity of the data of interest.

Although several compression techniques are available in
the literature, lossless techniques are strongly desired
since for various seismic applications, losses may be
unacceptable.

In general, a lossless compression scheme has two main
steps: decorrelation (or transformation) and encoding.
Among decorrelation strategies, the wavelet transform is
commonly used (Stigant et al., 1995, Khéne et al., 2000)
since mapping a signal in the time domain to a
time-frequency representation can often lead to lower

entropy and effectively achieve better compression ratios.
Although efficient, this approach cannot be widely used
once it is usually lossy. To avoid losses, an integer
wavelet transform (IWT) turns out to be a suitable
approach, as described in Giurcaneanu et al. (1999). The
IWT of integer-valued signals decomposes the signal into
integer coefficients and the inverse integer wavelet
transform can then be applied to these coefficients,
recovering the original data without loss.

Concerning the coding step, a wide variety of algorithms
are available, ranging from traditional methods such as
Huffman and Arithmetic coding, to more sophisticated
strategies which are employed in modern compression
software (Gupta et al., 2017).

The IWT with wavelet CDF (2, 2) has already shown
effectiveness as a decorrelation strategy for seismic data,
through multiple compression algorithms (Lopes et al.,
2021). The present work investigates several wavelets
from the Cohen—Daubechies—Feauveau family, evaluating
how entropy and CR change as the wavelet's numbers of
vanishing moments increase.

Theory
The Wavelet Transform

Mallat (1989) introduces the concept of multiresolution
analysis showing that the difference of information
between approximations of a signal at levels of resolution
2" and 2!, for j € Z, can be extracted by decomposing
the signal on a wavelet orthonormal basis. Computation
of the wavelet representation may then be accomplished
by convolutions with quadrature mirror filters. The wavelet
transform can therefore be performed via successive
applications of a 2-channel filter bank, as illustrated in
Figure 1, consisting of a high-pass filter (i.e., wavelets)
and a low-pass filter (i.e., scaling functions): the detail
coefficients (resulting from application of the high-pass) of
every iteration step are kept apart, and the iteration starts
again with the remaining approximation coefficients (from
application of the low-pass filter).

Scaling functions and wavelets are related through
equations:

d(t) =2 T h(k)d(2t — k) and
k

w0=ﬁ§mmwm—m,

where h(k) and g(k) are the quadrature mirror filters
(low-pass and high-pass, respectively).
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Figure 1: Three level filter bank for DWT decomposition.

Biorthogonal Wavelets

A requirement for wavelets to be orthogonal can place
strong limitations on the system (Burrus et al., 1998),
such as preventing linear phase analysis and synthesis
filter banks. Biorthogonal wavelet systems using a
nonorthogonal basis and dual basis are more flexible and
free from this constraint.

For a 2-channel biorthogonal filter bank, the relationship
between scaling functions and wavelets is given by:

b(t) = ﬁ§ h() (2t — k)
W) = ﬁg gkt — k)
(6 = V23 h(k) b2t — k)
b = 23 9(k) (2t — k),

where and $(t) and lTJ(t) are the dual scaling functions
and wavelets, respectively.

Lifting Scheme

Introduced by Sweldens (1998), lifting is a general
framework for constructing second generation wavelets
(Daubechies and Sweldens, 1998). It also provides a
natural framework for constructing reversible integer
wavelet transforms for lossless compression of integer
samples.

The previous sections described the wavelet transform of
a signal as a multiresolution representation of that signal
with wavelets as basis functions. At each level of
resolution, the (low-pass part of the) signal is split into a
high-pass and a low-pass part. Lifting provides an
efficient implementation of these filtering operations
(Uytterhoeven et al., 1999).

Let A, be a dataset at level of resolution j + 1. This set is
to be transformed into two other sets at level j: the
low-resolution part A; and the high-resolution part y;. First,
A1 is split into subsets of even and odd samples. Next,
the two subsets are recombined in subsequent lifting
steps: prediction and update.

The three stages of lifting can be summarized as follows:

Splitting (lazy wavelet transform): Split dataset A, into
distinct datasets A; and ;.

Prediction (dual lifting): Predict values of y; from values of
A; and store prediction error: y; = y; - P(A).

Update (primal lifting): Update values of A, with values
fromy;: A = A + U(y).

Mapping Integers to Integers

The steps above can be easily modified to create a
transform that maps integers to integers and is still
reversible (Uytterhoeven et al., 1997). This is done by
adding rounding operations (indicated by curly braces), at
the expense of introducing non-linearity in the transform.
The changes in the prediction and update steps of the
forward transform are, respectively:

vi=v;i-{P(A)}and & = A + {U(y)}

Naturally, the inverse update and prediction steps
become:

A= - {U(yv)r and y; =y, + {P(A)},
which assures the reversibility of the transform.

Cohen-Daubechies-Feauveau Wavelets

The Cohen—Daubechies—Feauveau (CDF) wavelets are a
widely used family of biorthogonal wavelet bases. The
nomenclature within the family (e.g., CDF 2,2) refers to
the numbers of vanishing moments.

A wavelet basis function s has N vanishing moments if:

ofot”qj(t)dt =0,

for 0 < p < N. This property can also be translated
into a certain kind of "blindness” of the basis function with
respect to polynomials up to degree N — 1 (Jansen and
QOonincx, 2005).

For biorthogonal wavelet systems with basis functions q;j .

and {ij’ the series expansion of a signal s is given by:
SO=ZTds b0,

So, signals that are well approximated by polynomials will
produce small coefficients if the dual basis functions have
a sufficiently high number of vanishing moments.

Data Compression

Data compression involves encoding information using
fewer bits than the original representation. Two main
categories are commonly used when describing data
compression in general: Lossy and lossless.
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Lossy vs Lossless

Lossy techniques allow for some information loss. Data
that has been compressed that way will likely not be
recovered exactly. In  many applications, exact
reconstruction is not necessary. When transmitting
speech for example, the exact value of each audio
sample is not required as some loss in quality may be
imperceptible to the human ear. In general, higher
compression ratios (CRs) can be obtained from lossy
compression.

Lossless compression techniques involve no loss of
information. If data has been losslessly compressed, the
original data can be recovered exactly.

Compression algorithms often consist of two conceptually
separated stages: data decorrelation (or transformation)
and encoding. A lossy algorithm may also include a stage
for quantization, as illustrated in Figure 2.

Lossy Encoding
—

Quantization ﬁ

//'
Lossless Encoding ‘/ Entropy
>
\ Encoder

A
Compressed
Data

Figure 2: A general schema for data compression.

Decorrelation
(transformation)

‘ Input Data

The decorrelation stage exploits the fact that neighboring
samples tend to have similar values. Decorrelated
samples normally exhibit less variability, i.e., lower
entropy rates. The encoding stage then compacts
decorrelated samples in a reversible way. The output
compressed data size depends directly on the entropy of
those samples, hence the importance of effective
decorrelation (Hernandez-Cabronero et al. 2020).

Compression Algorithms

Numerous techniques have been developed for data
compression over the last decades. A general description
of traditional coding algorithms, such as Huffman coding,
Arithmetic coding and dictionary based methods, can be
found in Uthayakumar et al. (2018). Most modern
algorithms employ strategies that consist of a
combination of classical techniques and often outperform
them in both compression ratio and speed (Gupta et al.,
op. cit.).

Examples of such algorithms are Zstandard, TurboPFor
and ZLib.

Zstandard uses two types of entropy encoding: Finite
State Entropy (FSE) and Huffman coding (Zstandard,
2016).

Turbopfor is a family of integer compression codecs
based on the Patched Frame of Reference (PFOR)
strategy (TurboPFor, 2023).

ZLib is based on the DEFLATE method, which combines
Huffman coding and LZ77 compression (ZLib, 2022).

Results

In this study, we investigate the entropy and compression
ratios for the original samples and wavelet coefficients of
four different datasets, using wavelets of the
Cohen—Daubechies—Feauveau family.

Five compression strategies were used to calculate the
CR: ZStandard (ZSTD), TurboPFor (TPFOR), ZLib
(ZLIB), Huffman coding (HUFF) and Arithmetic coding
(ARITH).

The seismic datasets used were: Nornefield (Norway),
Waka-3D (New Zealand), Tui-3D (New Zealand) and
Penobscot (Canada). These datasets are open
geophysical data, free and available to the public.

Six wavelets of the CDF family were evaluated. These
wavelets have an equal number of vanishing moments for
the synthesis and analysis, as biorthogonal filters of more
similar length are obtained when the number of vanishing
moments is the same (Mallat, 2009) and, for data
compression, filters of similar lengths are generally
preferred (Van Fleet, 2019).

For each dataset and wavelet, coefficients were
calculated and a representation of the dataset associated
with that particular wavelet was produced. Each
representation was then encoded through different
techniques. Figure 3 illustrates this process for a single
dataset.
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Figure 3: Process for calculating CR from dataset's
samples and wavelet coefficients.

The change in entropy between original samples and
wavelet coefficients for an increasing number of vanishing
moments is shown in Figure 4.
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Entropy was calculated as:

H(X) ==X p()log,p(x)

where p(x) is the probability of each specific symbol in
the dataset (Cover and Thomas, 1991).
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Figure 4: Entropy by wavelet with increasing numbers of
vanishing moments.

Applying the IWT has led to a lower entropy
representation of the data in all cases. The four datasets
show a similar pattern of reduction in entropy following
the progressive increase in the number of vanishing
moments. The curves tend to a horizontal line or may
even invert the tendency, as is clearly the case of
Penobscot (with turning point at CDF (4, 4)). Nornefield
and Tui-3D reached minimum entropy with CDF (5, 5).
Waka continued to improve (although marginally) within
the interval of vanishing moments investigated.

Figures 5-8 show compression ratios for samples and
wavelet coefficients, through different compression
algorithms.

The compression ratios were calculated as CR% = 100 *
(Size after compression / Size before compression),
following Salomon and Motta (2010).
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Figure 5: Nornefield - CR by wavelet and encoder.
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Figure 7: Tui-3D - CR by wavelet and encoder.
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Figure 8: Penobscot - CR by wavelet and encoder.

Compression algorithms produced better CR for lower
entropy representations of the data in general. Results
show a common pattern of improvement in CR similar to
the evolution of entropy previously discussed. Despite the
similar shape of the curves for different coders, they are
distributed in different levels of compression, due to the
difference in efficiency between encoding techniques.

Some characteristics are common to the four datasets:
the two traditional techniques HUFF and ARITH are
always less efficient with HUFF as the least efficient
followed by ARITH. ZSTD is the most efficient, producing
the best CR in all cases.

Table 1 shows the CR obtained with compressor ZSTD
for each dataset's original samples and CDF (5, 5)
coefficients, and the difference in percentage points
between them.

Dataset CR - CR - CDF Difference in
Samples (5, 5) percentage
points
Nornefield 58.41 51.00 7.41
Tui-3D 66.29 55.64 10.65
Waka-3D 58.80 50.04 8.76
Penobscot 72.34 67.63 4.71

Table 1: Comparison between CR of original samples and
CDF (5, 5) coefficients with ZSTD

Although the CR of all datasets improved from application
of the IWT with wavelet CDF (5, 5), the gain varies
significantly between datasets. Penobscot benefited the
least, improving only 4.71 percentage points, while Tui-3D
benefited the most, with a difference of 10.65 percentage
points.

Conclusions

The results of this study show that the Integer Wavelet
Transform with CDF wavelets have produced lower
entropy representations of the seismic datasets and
better CRs in comparison to the original data. Choosing
wavelets with an incrementing number of vanishing
moments caused a progressive reduction in entropy and
compression was improved.

This reduction, however, was not linear, with its decrease
becoming progressively less significant as the number of
vanishing moments grew (in some cases, eventually
reversing direction). The reason for this trend reversal is
possibly due to the trade-off between important properties
of CDF wavelets, which are the number of vanishing
moments and support size (Pereyra and Ward, 2012).

Finally, these results confirm that the Integer Wavelet
Transform is a suitable decorrelation strategy for lossless
compression of seismic data.
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