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Abstract
We study the effect of pressure variations on the dry rock
moduli model parameters estimated using lab data from
outcrop carbonate samples. The analysis lab measure-
ments, including chemical-mineralogical composition, poros-
ity, permeability and elastic properties, guide the method-
ology. First, we use velocity measurements on dry sam-
ples to estimate dry frame model parameters for five well-
known models from the literature. These results are used
to analyze parameter sensitivities to variation in differential
pressure. We then discuss strategies to incorporate pres-
sure variation in the model and the validity of using models
developed for siliciclastic rocks to model carbonate rocks.
Results indicate that is possible to link pressure variations
to the parameters of each model when porosity variations
are not available as input data.

Introduction
In carbonate rocks, seismic velocities are determined mainly
by sedimentary lithology and sedimentary processes such
as cementation and dissolution. Although these rocks do
not vary much in composition because they are usually
composed of a single mineral species, seismic velocities
vary with changes in composition and mineralogical den-
sity, porosity, pore space rigidity, changes in rock pressure,
and pore aspect ratio (Misaghi et al., 2010).

Due to the micro- and macro-scale heterogeneity of car-
bonate rocks, there is no clear relationship between the
pore structure and rock’s physical properties, making it
difficult to accurately estimate the elastic parameters of
the carbonate reservoir by rock physics modeling. There-
fore, to properly explore the correlation between the vari-
ous physical properties of rocks, it is essential to develop
a practical rock physics model for carbonate.

This work is concerned with analyzing and interpreting elas-
tic properties obtained by different theoretical methods con-
sidering sedimentary and petrophysical properties to ob-
tain a prior rock framework. Generally, moduli are mea-
sured in the laboratory, predicted by theory, or inferred un-
der certain assumptions.

Several models are described in the literature that aim to
determine the bulk modulus of dry rock from mineralogy
and porosity, such as. Krief et al. (1990), Nur et al. (1998),
and Pride et al. (2004). The most commonly used models
in rock physics are the elastic limits, which define the aver-
age between the lower and upper limits for incompressibil-
ity and shear modulus (Hashin and Shtrikman, 1963; Hill,
1963). The theory of Kuster and Toksöz (1974) is used to
approximate the compressional and shear wave velocities
by including small fractions within the elastic limits. The
most commonly used model for infinitesimal inclusions is
the effective differential medium theory (DEM) (Berryman,
1992). Finally, an approach was developed by Keys and
Xu (2002) that simplifies the application of the theoretical
model of Xu and White (1995) and makes the method com-
putationally more efficient, and is also related to the critical
porosity approach.

The velocity ratio vp/vs is a useful parameter for evaluating
the model characteristics of the elastic moduli of dry rock.
The model of Krief et al. (1990) has shown that vp/vs has a
constant behavior for dry rock, independent of porosity and
pressure. In contrast, for grain contact theories based on
the Hertz-Mindlin model, the vp/vs ratio decreases with in-
creasing differential pressure and is independent of poros-
ity. The model of Kuster and Toksöz (1974) predicts that
vp/vs increases with increasing porosity. More recently,
the theory of Pride et al. (2004) predicts that the velocity
ratio decreases with increasing differential pressure and
decreasing porosity. Thus, this parameter is not indepen-
dent of porosity and pressure.

Based on the behavior of the ratio vp/vs, the model of Krief
et al. (1990) obtains the dry rock bulk and shear moduli, a
simple function of the Biot coefficient, similar to the bulk
and shear modulus predicted by Biot theory. Thus, the
elastic moduli of dry rock as a function of porosity ϕ, bulk
modulus κm, and shear modulus µm of the mineral are
thus given by:

κdry = κm (1− ϕ)
mκ

(1−ϕ) (1)

µdry = µm (1− ϕ)
mµ

(1−ϕ) (2)

Similarly, Nur et al. (1998) proposes a linear relationship
between elastic modulus and porosity, specifying a critical
porosity ϕc. The critical porosity separates the mechani-
cal and acoustic behavior, i.e., the porosity between two
regions, the suspension domain (ϕ > ϕc) and the load do-
main (ϕ < ϕc). Thus, the elastic moduli of dry rock are
determined by the equations:
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κdry = κm

(
1− ϕ

ϕc

)
(3)

µdry = µm

(
1− ϕ

ϕc

)
(4)

The bulk and shear moduli for dry rock are given by the
model of (Pride et al., 2004) as a function of porosity with
a consolidation parameter c. The consolidation parame-
ter depends on the differential pressure and the degree of
consolidation of the grains.

κdry =
κm (1− ϕ)

(1 + cκϕ)
(5)

µdry =
µm (1− ϕ)

(1 + cµϕ)
(6)

A useful simplification of the elastic properties of dry rock is
to consider Poisson's ratio as constant. Since the bulk and
shear moduli of the material inclusion in the dry rock are
zero, it is possible to obtain approximations to the model
of Xu and White (1995) for dry rock. Keys and Xu (2002)
develop an approximation for dry rock, approximating very
closely the velocities obtained using DEM. Keys and Xu
improved the computational efficiency of the model of Xu
and White by solving linear ordinary differential equations
with solutions given by:

κdry = κm (1− ϕ)p (7)

µdry = µm (1− ϕ)q (8)

where the coefficients p and q are functions associated
with the aspect ratio α of the pore given by:

p(α) =
1

3

∑
l=s,c

flTiijj(αl) (9)

q(α) =
1

5

∑
l=s,c

flF (αl) (10)

where fs and fc are the volume fractions of sand and clay
of the rock matrix, respectively, which implies that the pore
space has different aspect ratios that can be divided into
soft pores with small α and stiff pores with larger α. Tiijj(α)
and F (α) are the functions related to the pore aspect ratio.
Here, we propose a method that varies the aspect ratio as
a function of pressure variation.

A proposed empirical formulation for predicting the effect
of pressure on velocities in dry rock comes from studies
by Eberhart-Phillips et al. (1989). Vernik and Hamman
(2009) treat the Eberhart-Phillips equation as a basic the-
oretical model and reorganize it differently to allow physi-
cal interpretation of the parameters. They found that there
are strong correlations between certain fitting parameters.
Vernik and Kachanov (2010) also suggest that the model-
ing parameters p and q are very similar given by the theory
of Kuster and Toksöz (1974).

A second category of methods deals with the dependence
of the moduli of dry rocks on the effective pressure. Mac-
Beth (2004) follows the formulation of Sayers and Kachanov
(1995) and formulates a sigmoid function for the bulk and
shear moduli as a function of pressure P as:

κdry =
κ∞

1 + Eκe−P/Pκ
(11)

µdry =
µ∞

1 + Eµe−P/Pµ
(12)

Here κ∞ and µ∞ are the bulk and shear moduli, respec-
tively, in the high pressure asymptotes. Pκ and Pµ are
characteristic pressures associated with pore geometry.
They describe the rate at which the pressure increases
and the rock structure reaches a state of relative insensi-
tivity. The constants Eκ and Eµ are related to the change
in relative pressure. Further pressure function models can
be found in Mavko et al. (2020). We have limited our eval-
uation only to the model of MacBeth (2004) because it pro-
vides a good fit of the measured values and a consistent
physical basis.

Therefore, these interpretive models are used to estimate
the sensitivity of dry rock to the effects of varying miner-
alogy, porosity, pore shape function, and pressure. They
form a series of simple models with excellent results for
siliciclastics that can be applied to carbonate rocks.

Method
The theoretical and experimental petrophysical studies of
the elastic properties of carbonate rocks are developed
here by velocity measurements (vp and vs) in six outcrops
of carbonate rocks of the Maruim Member of the Riachuelo
Formation (Sergipe Group) of the Sergipe Subbasin and
six outcrops of carbonate rocks (coquinas) of the Morro do
Chaves Formation (Coruripe Group), Alagoas Subbasin.

The measurements of the velocities of the P and S waves
(S1 and S2) are carried out for the samples under dry con-
ditions in the regime of different differential pressures (5MPa−
25MPa), using experiments with the System of Physics
and Rock Mechanics (ErgoTech) equipment located in the
Laboratory of Physics and Rock Deformation of the Labo-
ratory of Petroleum Engineering and Exploration – LENEP/UENF.

The petrophysical properties of the sample set can be found
in Table 1, which also lists the mineral phases identified
by the X-ray diffraction (XRD) method. In the samples of
the Sergipe sub-basin, the carbonates show a mineralogi-
cal diversity composed mainly of calcite and dolomite and,
in secondary form, of quartz and clay minerals, including
illite. In the samples of the Alagoas sub-basin, coquina
consists mainly of calcite.

The theoretical methodology is based on the calculation of
the parameters of the presented interpretive models from
the inversion of the functions 1 to 8 of the total porosity
models and the estimation of the parameters from the min-
imized residual function between the observed data and
those calculated for the function by the equations 11 and
12. The corresponding fitting parameters are given for the
bulk modulus and shear modulus depending on the sensi-
tivity factor, be it mineralogy, porosity, geometric aspect ra-
tio function, or pressure. Since the seismic velocities were
measured, the dry bulk and shear moduli were estimated
from the velocities using the following equations:
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Table 1: Basic petrophysical measurements performed on the plugs. ρ (density), ϕ (porosity in Ultrapore300), k (perme-
ability in Coreval700), mineralogical composition by XRD, dominant pore type and predominant texture classification in thin
section.

Sample ϕ ρ k Calcite Dolomite Quartz Illite Pyrite Pore Lithology
(%) (gm/cc) (mD) (%) (%) (%) (%) (%) type texture

4A1-SE 18.23 2.81 16.23 0 92.74 6.72 0.54 0 intercrystalline dolomite
4A4-SE 18.54 2.8 27.16 0 97.45 2.28 0.27 0 intercrystalline dolomite
4A5-SE 19.14 2.8 25.11 0 95.71 0.79 0.5 0 intercrystalline dolomite
4A6-SE 19.53 2.8 21.65 0 92.41 4.73 0.07 0 intercrystalline dolomite
4B-SE 18.93 2.81 16.79 1.88 80.25 14.41 3.45 0 intercrystalline dolomite
4B6-SE 19.87 2.75 35.65 2.45 83.57 4.48 9.49 0 intercrystalline dolomite
7B1-AL 12.37 2.69 42.6 96.57 0 3.42 0 0.01 moldic grainstone
7C-AL 18.77 2.68 635.17 71.77 0 18.28 0 9.72 vug rudston
9E-AL 21.01 2.67 229.83 88.9 0 11.06 0 0.04 intercrystalline grainstone
10A-AL 19.7 2.68 140.1 82.97 0 13.76 0 0.07 intercrystalline packstone
10B-AL 15.15 2.68 35.1 87.59 0 10.56 0 0.01 vug rudstone
10D-AL 23.93 2.64 29.24 81.45 0 13.28 0 0.17 intercrystalline packstone

Figure 1: (Left) Plot vs versus vp. This sample color pattern
is used in all analyzes. (Right) Plot vs versus vp of the dry
samples in relation to pressure sensitivity. The Alagoas
samples were subjected to pressures up to 20 MPa due to
their high degree of disaggregation.

κdry = ρb

(
v2p − 4

3
v2s

)
(13)

µdry = ρbv
2
s (14)

and assumed a constant density value with a pressure
variation.

Results
The measured velocities vp and vs of all selected sam-
ples were performed under dry conditions using the rock
physics system presented in the previous section. The left
plot of Figure 1 shows the vs versus vp of the samples, and
in each pressure regime the plot on the right.

From the vp and vs data, the dynamic bulk and shear mod-
uli of the samples are estimated, checking the sensitivity
to different pressures, mineral moduli, total porosity, and
functional geometries in terms of pore aspect ratio accord-
ing to the selected rock physics model. With the exception
of the MacBeth (2004) model, the mineral modulus is the
limiting parameter of rock stiffness. The theoretical esti-
mate of the matrix modulus is obtained from the average

Table 2: Elastic properties of the minerals contained in the
composition of the selected samples (Prasad et al., 2002;
Wang et al., 1998; Katahara, 1996; Mavko et al., 2020).

Mineral κm (GPa) µm (GPa) ρ (g/cc)
Quartz 37,0 44,0 2,65
Illite 60,1 25,3 2,71
Calcite 77,0 32,0 2,71
Dolomite 95,0 45,0 2,87
Pyrite 147 132 4,93

of Voigt-Reuss-Hill (Hill, 1963), using the values of the ta-
ble 2 from the literature (Prasad et al., 2002; Wang et al.,
1998; Katahara, 1996; Mavko et al., 2020).

Figure 2: Modulus of elasticity measured (points) and cal-
culated (curves) with the model by Krief et al. (1990). The
samples from Alagoas are friable and could not resist high
pressure. For this reason, we made a cut of 20 MPa in the
analysis of elastic moduli.

Figures 2, 3, 4, 5, and 7 show the elastic moduli calcu-
lated according to the theoretical model compared to the
measured values. The behavior of the parameters was
obtained by inverted functions m(κ) and m(µ), ϕc(κ) and
ϕc(µ), c(κ) and c(µ), p(κ) and q(µ) as a function of pres-
sure, as shown in Figure 6, except for the model of Mac-
Beth (2004), which is a pressure model. Ideally, the ef-
fect of pressure on porosity should be observed as in Silva
et al. (2019), but since this experimental measurement is
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Figure 3: Modulus of elasticity measured (points) and cal-
culated (curves) with the model of Nur et al. (1998)

Figure 4: Modulus of elasticity measured (points) and cal-
culated (curves) with the model of Pride et al. (2004)

Figure 5: Modulus of elasticity measured (points) and cal-
culated (curves) with the model of Keys and Xu (2002)

Figure 6: Effect of pressure on the estimation of the cali-
bration parameters of the dry rock moduli for the selected
samples. The colors of the curves represent the identifica-
tion of each sample, as shown in Figure 1.

not available, the effect of pressure on the parameters was
analyzed. It can be assumed that the effect of pressure
on density is also small. The statistics of these calculated
parameters are available in Table 3 (left), which were esti-
mated by inversion to fit the models Krief et al. (1990); Nur
et al. (1998); Pride et al. (2004); Keys and Xu (2002). Ta-
ble 3 (right) shows the parameters of the model MacBeth
(2004) estimated by the nonlinear least squares method
with fitting to the observed data.

Figure 7: Modulus of elasticity measured (points) and cal-
culated (curves) with the model of MacBeth (2004)

Discussions
Figure 1 shows that the compression and shear velocities
of the samples from Sergipe range from 4.634 to 5.112
km/s and from 2.332 to 2.822 km/s, respectively. The Alagoas
samples range from 1.570 to 4.159 km/s and from 1.121
to 2.212 km/s for vp and vs, respectively. The samples
from Sergipe are mainly dolomites with a relatively consol-
idated structure, showing higher velocities and lower dis-
persion. In contrast, the samples from Alagoas have lower
velocities, which could be related to the high calcite con-
tent and a strong degradation process, and they show a
greater compliance to the pressure increase.
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Table 3: (Left table) Statistics with mean and standard deviation of the calculated parameters of the respective dry rock
models of total porosity ranging from 6 MPa to 20 MPa. (Right table) Estimated parameters for the model of MacBeth
(2004)

Model (Krief et al., 1990) Nur et al. (1998) Pride et al. (2004) Keys and Xu (2002)

Sample mκ σmκ ϕc σϕc cκ σcκ p(α) σp(α)

4A1-SE 2.96 0.099 0.35 0.008 3.81 0.223 3.62 0.121
4A4-SE 2.84 0.154 0.36 0.015 3.60 0.339 3.49 0.188
4A5-SE 2.95 0.096 0.36 0.008 3.94 0.232 3.64 0.118
4A6-SE 2.85 0.127 0.36 0.011 3.79 0.312 3.55 0.158
4B-SE 2.43 0.129 0.41 0.016 2.76 0.267 3.00 0.160
4B6-SE 2.25 0.081 0.43 0.011 2.48 0.168 2.81 0.101
7B1-AL 5.93 2.100 0.23 0.051 10.15 6.242 6.76 2.397
7C-AL 5.10 1.334 0.27 0.031 11.66 6.467 6.28 1.642
9E-AL 4.25 1.116 0.30 0.036 9.45 5.461 5.38 1.413
10A-AL 6.93 2.420 0.25 0.036 28.44 21.50 8.63 3.013
10B-AL 7.62 1.738 0.20 0.021 19.36 9.059 8.98 2.049
10D-AL 7.12 1.544 0.26 0.013 43.59 25.53 9.36 2.030

Sample mµ σmµ ϕc σϕc cµ σcµ q(α) σq(α)

4A1-SE 3.33 0.032 0.33 0.002 4.69 0.080 4.07 0.039
4A4-SE 3.15 0.025 0.34 0.002 4.31 0.062 3.86 0.031
4A5-SE 3.08 0.027 0.34 0.002 4.27 0.068 3.81 0.034
4A6-SE 3.28 0.055 0.33 0.003 4.88 0.090 4.08 0.069
4B-SE 3.10 0.038 0.34 0.003 4.27 0.093 3.82 0.046
4B6-SE 4.12 0.076 0.29 0.003 7.56 0.263 5.14 0.095
7B1-AL 6.14 0.876 0.21 0.018 9.94 2.403 7.01 1.000
7C-AL 5.15 0.592 0.26 0.014 11.04 2.533 6.34 0.729
9E-AL 4.61 0.594 0.28 0.016 10.36 2.782 5.83 0.753
10A-AL 4.61 0.493 0.28 0.015 9.43 1.929 5.74 0.613
10B-AL 7.05 0.896 0.21 0.012 15.67 3.987 8.31 1.056
10D-AL 5.61 0.409 0.28 0.006 19.94 3.584 7.37 0.538

Model (MacBeth, 2004)
Sample Pκ κ∞ Eκ

4A1-SE 0.03 37.08 0.02
4A4-SE 13.32 43.52 0.26
4A5-SE 3.22 36.97 0.09
4A6-SE 10.98 37.96 0.16
4B-SE 8.64 39.83 0.16

4B6-SE 1.20 41.40 2.08
7B1-AL 3.41 42.68 7.23
7C-AL 3.63 28.82 6.80
9E-AL 3.53 29.10 7.48

10A-AL 3.27 24.56 24.56
10B-AL 3.53 24.57 8.99
10D-AL 3.83 10.05 10.05
Sample Pµ µ∞ Eµ

4A1-SE 1.09 21.64 21.64
4A4-SE 0.91 22.17 22.30
4A5-SE 4.77 21.99 0.09
4A6-SE 3.18 20.36 0.23
4B-SE 0.98 21.58 21.73

4B6-SE 5.64 15.93 0.18
7B1-AL 4.48 15.39 2.20
7C-AL 3.25 13.00 4.29
9E-AL 3.25 10.24 4.69

10A-AL 4.79 11.37 1.80
10B-AL 3.94 10.51 3.16
10D-AL 4.19 5.32 2.24

Figure 2 shows that the samples from Sergipe have lower
mκ and mµ Krief coefficients than those from Alagoas. The
mκ values for Sergipe range from 2.30 to 3.13, while those
for Alagoas range from 3.20 to 10.60. The mµ coefficients
range from 3.03 to 4.22 for the samples from Sergipe. The
coefficients for the samples from Alagoas range from 3.76
to 8.64.
According to the plots of the calculated parameters, ϕc of
the model Nur et al. (1998), figure 6, the values of the
critical porosity tend to a constant behavior, which is an
expected result, but the theoretical-experimental method,
which analyzes the performed measurements and calcu-
lations made, establishes uncertainty on the process.
According to the calculations of the model of Pride et al.
(2004), the consolidation parameter, cκ and cµ, behaves
inversely proportional to the increase in pressure. The val-
ues range from 2.40 to 4.40, while for Alagoas the values
range from 3.40 to 86.78. The high pressure sensitivity is
due to the high dispersion and low elastic modulus values.
The calculation results of the model Keys and Xu (2002),
both of the 5 and 6 Figures, are similar to those of the
model Krief et al. (1990), because the calculation was of
the geometric function, p and q, rather than the pore as-
pect ratio. The inversion of the model for aspect ratio is
very complex because the expressions of Tiijj and F are
mathematically very large. In this case, the nonlinear re-
gression of the parameters is indicated by the need for
porosity data that vary with pressure.
In the case of the pressure model, it was possible to use
it in the characterization of the carbonate rock in a more
complete modeling to describe the effect of the effective
pressure of the samples using the parameter estimates.
The results show two groups of elastic responses where
dolomites are less sensitive to pressure variations than co-
quinas.

More realistic modeling considers the effects of key petro-
physical and mechanical parameters. Lee (2005) proposes
a model with a pressure effect on the rock framework by
coupling the model of Pride et al. (2004) with the model of
MacBeth (2004), which is based on the constant Poisson's
ratio and is limited to integration only, without considering
the behavior and physical significance of the parameters,
and does not consider the pore aspect ratio. The Mur and
Vernik (2020) model also focuses on analyzing the effect of
mineralogy, porosity, pore shapes, and effective stresses
on elastic properties, but is based on rock complacency,
i.e., it places pores and cracks at the average effective
stress in the solid matrix of the material. This model sets
fixed and non-arbitrary aspect ratios. Another proposal to
consider porosity and mineralogy along with compressive
sensitivity comes from Grana (2016), who modifies the
model of MacBeth (2004), but unfortunately, the depen-
dence on mineralogy is not explicit, nor is pore geometry
considered.

Conclusions
The estimated parameters of the dry rock moduli mod-
els tested, using lab measurements at differents pressures
conditions, show these models to be appropriate for the se-
lected carbonate rocks used in this study. However, more
complete data, such as the response of porosity to pres-
sure changes, are required for a more comprehensive anal-
ysis in addition to knowledge of the complex pore structure
of carbonates from image analysis.

All models confirm a high discrepancy between textures,
both in the total porosity models and in the pressure model;
that is, there is a separation of dolomite and coquina groups
in the outcrops rock of the Sergipe-Alagoas Basin. Among
the models, the critical porosity model shows greater sta-
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bility with respect to pressure variations, since it has a pa-
rameter with a lower standard deviation. Dolomites are
less sensitive to pressure than coquina. This is seen from
the constant behavior of the parameters associated with
this sample group and the lower variability of the calcu-
lated dry rock moduli on all models. This is contrasted
with MacBeth pressure model, which shows the asymp-
tote curves for dolimite. The calculation results of the Keys
and Xu model are similar to those of the Krief model due
to the inverse function method used. Regardless of any
consideration about parameter significance, a models can
adequately describe the dry moduli in carbonates for ap-
proximately constant pressure conditions.

Therefore, this summary represents a first overview of a
more comprehensive theoretical-experimental study dry rock
moduli modelign for pressure and fluid sensitivities. The
modeling used here begins with simpler models and sta-
tistical features, the best possible strategy to model elastic
carbonate responses.
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