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Abstract Summary

To decrease the information loss when imaging a complex geological medium, it is crucial to con-
sider anisotropy, particularly the transversely isotropic medium, as it is the most common anisotropy
in exploration geophysics. However, the elastic wave equations that govern such medium describe
P and S waves that are coupled. This results in shear wave energy in seismic modeling and, conse-
quently, in artifacts in the seismic image. Thus, a new acoustic wave equations for pure P -wave in
the tilted transversely isotropic (TTI) media based on the decomposition of the elastic wave equation
in the vertical transversely isotropic (VTI) media is proposed. This new equation correctly decouples
the P and S wavefields. Additionally, the pure P -wave equation is efficacious and stable for seismic
modeling and migration of complex geological structures, regardless of whether δ > ϵ. The efficacy
of our method is demonstrated by modeling synthetic TTI data found in the literature.

Introduction

Alkhalifah (2000) deduced a pseudoacoustic wave equation for vertical transversely isotropic (VTI)
media, using the exact dispersion relation of the elastic wave equation in such media (Tsvankin,
1996), but it generates SV -wave artifact. Therefore, efforts were made to develop pure qP -wave
equations (Pestana et al., 2012), and such equations eliminated the artifact generated by the SV
wave. The generalization from VTI to tilted transversely isotropic (TTI) media is done by rotating the
symmetry axis so that it can vary freely in space (Zhan et al., 2012).

However, the pseudoacoustic wave equations, although kinematically accurate and useful for
imaging, are unphysical and provide dynamically inaccurate wavefields. To circumvent this issue,
acoustic wave equations in TTI media were presented throughout the years; the work of Zhang et al.
(2011) is of note. Nevertheless, these equations describe P and S waves that are coupled. This
results in shear wave energy in seismic modeling and in artifacts in the seismic image (Pestana
et al., 2011).

Consequently, developing a pure P -wave equation that is physically accurate is crucial to improve
the quality of seismic imaging without generating artifacts. Recently, Zhang et al. (2022) proposed a
notable anisotropic-Helmholtz decomposition method that numerically decouples the P and S wave-
fields and generates correct units, phases, and amplitudes compared with input elastic wavefields.
Thus, in this work, we extend their work and propose a new acoustic wave equation for P -wave in
TTI media.
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Method

Let the 3D elastic VTI wave equation in the k− t domain in the matrix form,

ρ
∂2U

∂t2
= −AU+ F, (1)

in which

c11 = (1 + 2ε) ρv2P , c33 = ρv2P , c44 = ρv2S , c66 = (1 + 2γ) ρv2S ,

c13 = ρ
√
[(1 + 2δ) v2P − v2S ] (v

2
P − v2S)− ρv2S ,

A = K†
1L1K1 +K†

2L2K2 +K†
3L3K3 +K†

4L3K4,

K1 =

ikx 0 0
0 iky 0
0 0 ikz

 ,K2 =

iky 0 0
0 ikx 0
0 0 0

 ,K3 =

ikz 0 0
0 0 0
0 0 ikx

 ,K4 =

0 0 0
0 ikz 0
0 0 iky

 ,

L1 =

 c11 (c11 − 2c66) c13
(c11 − 2c66) c11 c13

c13 c13 c33

 , L2 =

c66 c66 c66
c66 c66 c66
c66 c66 c66

 , L3 =

c44 c44 c44
c44 c44 c44
c44 c44 c44

 ,

(2)

and ε, δ and γ are the Thomsen’s parameters (Thomsen, 1986). Zhang et al. (2022) show that

U = UP +US , UP = DDT 1

D2
U, US =

(
I −DDT 1

D2

)
U, (3)

in which UP and US are the P - and S-wave fields, and D =
[
kx ky rkz

]T
, in which r =√

[(1+2δ)v2
P−v2

S](v2
P−v2

S)
(1+2ε)v2

P−v2
S

. Hence, we apply equation 3 to equation 1 and obtain

ρ
∂2UP

∂t2
= −DDT 1

D2
[AU− F] , ρ

∂2US

∂t2
= −

(
I −DDT 1

D2

)
[AU− F] . (4)

Afterwards, we define P = 1
ρD

T 1
D2AUP and SP = 1

ρD
T 1

D2AUS . Thus, substituting them into
equation 4, we obtain the new acoustic pure P -wave equation

∂2P

∂t2
= −1

ρ
DT 1

D2
ADP + F, (5)

By substituting equation 2 into equation 5, we obtain

∂2P

∂t2
= −v2P

(1 + 2ε) k2r + k2z −
2(ε− δ)

(
1− v2

S

v2
P

)
1 + 2ε− v2

S

v2
P

k2rk
2
z

k2r + r2k2z

P + F. (6)

To compute it, we propose an approach based on Huang et al. (2023), such that

∂2P

∂t2
= −v2P

(1 + 2ε) k2r + k2z −
4(ε− δ)

(
1− v2

S

v2
P

)
(
1 + 2ε− v2

S

v2
P

)
(1 + r2)

k2rk
2
z

k2r + k2z

P + F. (7)

To obtain the aforementioned equation in the TTI media, we can combine the methods proposed
by Zhan et al. (2012) and Bitencourt and Pestana (2024). In the 2D case, we obtain

∂2P

∂t2
= −v2P

[
Ã11k

2
x + Ã33k

2
z + Ã13kxkz + Ã1333

kxk
3
z

k2x + k2z
+ Ã3333

k4z
k2x + k2z

]
P, (8)
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in which

Ã11 = A11 +A1111, Ã33 = A33 −A1111 +A1133, Ã13 = A13 +A1113,

Ã1333 = A1333 −A1113, Ã3333 = A1111 +A3333 −A1133,

A11 = 1 + 2ε cos2 θ, A33 = 1 + 2ε sin2 θ, A13 = −2ε sin 2θ, A1111 =
1

4
γ sin2 2θ,

A3333 =
1

4
γ sin2 2θ, A1113 =

1

2
γ sin 4θ, A1333 = −1

2
γ sin 4θ,

A1133 = γ

(
1− 3

2
sin2 2θ

)
, γ = −

4(ε− δ)
(
1− v2

S

v2
P

)
(
1 + 2ε− v2

S

v2
P

)
(1 + r2)

.

(9)

Results

Initially, we investigate the dispersion relation of the proposed equation. For this purpose, we use
two homogeneous models with v0 = 3km/s and vS = 0km/s. Figure 1 shows, in both models, a
comparison of the proposed equation with the equations from Tsvankin (1996), Zhan et al. (2012),
and Huang et al. (2023). It is evident that the proposed equation is more precise than the one from
Zhan et al. (2012) and is as precise as the pseudoacoustic equation from Huang et al. (2023).

Figure 1: Comparison of the dispersion relations for different values of ε and δ.

Finally, we model the Marmousi TTI model. The wavefield is propagated for t = 1.2 s, with
∆t = 2ms and a peak frequency of 15Hz. Figure 2 shows a comparison of snapshots computed
with the equation from Zhan et al. (2012) and with the proposed equation; and Figure 3 shows a
profile extracted at x = 6250m, in which the result obtained using the equation from Huang et al.
(2023) is added. It can be seen that the proposed equation provides a stable and consistent result.

Conclusions

In this work, a new pure P-wave equation in TTI media was proposed. We have shown that it is effi-
cacious and stable for seismic modeling of complex inhomogeneous and anisotropic media. These
results are significant, as they can improve the quality of seismic imaging in complex geological
structures without increasing the computational cost in relation to the currently available methods.
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Figure 2: Comparison of wave field snapshots at time t = 1.2 s: a) Zhan et al. (2012), and b)
proposed equation.

Figure 3: Profile extracted from wavefield at x = 6250m and t = 1.2 s.
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