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Abstract

We present some results of a new multiple
attenuation method designed for application on
general finite-offset data, in particular to common-
offset (CO) data. The method extends the recently
developed Multiple Suppresion by Kirchhoff
Stacking (MSKS) method, introduced in Filpo and
Tygel (1999), that applies to zero-offset (ZO) or
stacked data. The proposed method consists of
transforming the CO data into the ZO domain,
simulate the multiples in this new domain, transform
them back to  the  CO domain  and finally  subract the
simulated CO multiples from the corresponding ones
observed in the input data, after the application of an
amplitude adjustment filter. One of the main
difficulties of eliminating multiples is not to alter the
amplitudes of concurrent primaries. In that sense, the
proposed method achieves quite satisfactory results.

Introdução

Recentemente, Filpo e Tygel (1999)
introduziram o método Multiple Suppresion by
Kirchhoff Stacking (MSKS ZO) para a situação zero
offset (ZO). O MSKS ZO apresenta excelentes
resultados quando aplicado em dados empilhados
com afastamentos curtos (near) ou ainda com todos
os afastamentos. Em muitos casos, para estudos de
amplitude versus offset (AVO), realizar a atenuação
de múltiplas somente no near é suficiente pois nos
dados de afastamento longo (far) elas se apresentam
já bastante atenuadas devido ao seu empilhamento
fora de fase. Porém, quando esse não é o caso, a
presença de múltiplas pode dificultar a obtenção de
resultados confiáveis. Neste trabalho, apresentamos
um método de atenuação de múltiplas (Guerra, 1999)
para dados em configurações gerais de afastamentos
finitos, em particular para a configuração de
afastamento comum (CO). O novo método, a seguir
designado por MSKS CO, expande a aplicabilidade
do MSKS ZO de Filpo e Tygel (op cit). O método se
baseia nos princípios e resultados da chamada
Abordagem Unificada de Imageamento Sísmico de
Reflexão, inroduzida em Hubral et. al (1996) e Tygel,
et al. (1996), bem como no trabalho de Santos et al.
(1997) sobre a continuação de afastamentos.
Basicamente, o método proposto consiste em (a)
transformar os dados em afastamento comum (CO)
em seus correspondentes em afastamento nulo (ZO)
através da migração para afastamento nulo (MZO);

(b) simular cinematicamente as múltiplas ZO; (c)
transformar as múltiplas ZO para a configuração CO
através da operação inversa do MZO; (d) aplicar um
filtro para ajuste das amplitudes das múltiplas CO
com relação às correspondentes observadas e (e)
subtrair as múltiplas ajustadas  daquelas nos dados de
entrada. Um dos maiores desafios na tarefa de
eliminar múltiplas consiste, além da eliminação
propriamente dita, em não alterar as amplitudes das
primárias concorrentes. Nesse sentido, o método
proposto alcança resultados bastante satisfatórios.

MSKS Zero Offset

O MSKS ZO envolve a simulação cinemática das
múltiplas ZO em uma seção que seja uma boa
aproximação de dados ZO (seção de near trace e/ou
seção empilhada corrigidas de NMO/DMO), seguida
de ajuste de amplitudes das múltiplas simuladas
através de um filtro adaptador para subtração nos
dados de entrada. A geração de múltiplas ZO é
realizada pela aplicação em cascata de operadores de
migração e demigração. Esta técnica é denominada
abordagem unificada de imageamento sísmico e está
descrita em Hubral et al., (1996) e Tygel et al.,
(1996). Conforme a Figura 1, considere uma malha
de pontos, Nm=(ξm,tm), nos quais devem-se posicionar
as amplitudes da seção de múltiplas a ser construída.
Os pontos na malha ZO de entrada são designados
por Np(ξp,tp). Para cada ponto Nm, o método envolve a
soma dos dados de entrada ao longo de uma curva
específica, tp =ΤMSKS(ξp, Nm), cujo resultado será
colocado no ponto Nm. Essa curva é determinada
através de uma migração deste ponto, em
configuração de múltipla ZO, seguida de uma
demigração, em configuração de primária ZO. No
caso de a curva de empilhamento ser tangente a uma
reflexão primária da seção de entrada (o que acontece
quando o ponto Nm se situa efetivamente sobre a
múltipla desta primária), um valor significativo será
posicionado em Nm. Realizando esse procedimento
para todos os pontos da malha, obtém-se a simulação
da múltipla representada pela sua curva de tempo de
trânsito de reflexão, tm =Τm(ξm) e respectivas
amplitudes.

MSKS Common Offset

Santos et al. (1997) descreveram as rotinas de
continuação de afastamentos (OCO), também a partir
da abordagem unificada de imageamento sísmico.
Duas particularizações do OCO são o MZO
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(Migration to Zero Offset) e sua operação inversa
IMZO. Através do MZO, obtém-se dados ZO a partir
de dados CO. O IMZO realiza a transformação
inversa. O MSKS Common Offset (MSKS CO) se
propõe a expandir o MSKS ZO. Para tanto, são
utilizados os algoritmos da continuação de
afastamentos (OCO) e do próprio MSKS ZO.
Resumidamente, o método reside em: a) transformar
seções CO em ZO via MZO; b) simular as múltiplas
ZO com o MSKS ZO; c) transformar as seções de
múltipla ZO em suas correspondentes CO através do
IMZO; d) subtrair dos dados CO originais a múltipla
simulada CO após o ajuste das amplitudes por um
filtro adaptador. A geometria das transformações do
método está esboçada na Figura 2. Com uma
configuração de medição CO, suponhamos que foram
registradas a reflexão primária, ΤpCO(ξp) e a múltipla,
ΤmCO(ξm). O MZO leva esses eventos para ΤpZO(ξp

0) e
ΤmZO(ξm

0), respectivamente, na configuração de
medição ZO. Simulam-se as múltiplas ZO
empilhando-se as amplitudes ao longo da curva
Τ

MSKS
(ξp

0,Ν m) para todos os pontos Ν m na seção de

múltipla a ser construída. Por fim, realiza-se o IMZO,
que transforma a múltipla ZO simulada, ΤmZO(ξm

0),
em sua correspondente CO, ΤmCO(ξm). A cinemática
da múltipla CO simulada, ΤmCO(ξm), se aproxima
assintoticamente da múltipla CO registrada, ΤmCO(ξm).
A seção que contém essa múltipla em afastamento
comum terá suas amplitudes ajustadas por meio do
filtro adaptador antes de ser subtraída da seção de
entrada para a atenuação da múltipla.

Na Figura 3 está mostrada a comparação de
dados em afastamento comum (1200m) antes e depois
do MSKS CO. A Figura 4 é uma visão detalhada da
Figura 3. Pode-se observar a boa performance do
método. A Figura 5 apresenta o resultado do MSKS
CO na forma de dados far offset empilhados com
ângulos de incidência entre 20 – 40º. Na porção
assinalada com uma seta pode-se observar a quase
total eliminação da múltipla. Note que nos dados de
entrada, a ocorrência da múltipla poderia gerar um
alto valor na seção de fator de fluido (visto que nos
nears ela não está presente) podendo mascarar este
atributo em anomalias que porventura ocorressem nos
dados.

Conclusões

Foram apresentados resultados práticos do
MSKS CO. Atualmanete, a implantação do método
envolve 3 integrais tipo Kirchhoff (MZO, MSKS e
IMZO). Essas integrais são realizadas ao longo de

operadores cujas aberturas são pequenas, de forma
que o MSKS CO não consome muito tempo de CPU.
Porém, a despeito de sua rapidez computacional, está
sendo estudada a geração da múltipla CO a partir de
dados de entrada CO por meio de apenas uma
integral.
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Figura 1 - Construção da curva de empilhamento do MSKS. A
imagem migrada do ponto Nm é a curva isócrona Ζm(x,Nm).
Tratada como um refletor, a isócrona é demigrada  na
configuração de primária ZO (raios normais à isócrona), dando
origem, em tempo, à curva ΤMSKS(ξp,ξm,tm) que é a curva de
empilhamento procurada. Caso a isócrona seja tangente a um
refletor em profundidade, a curva de empilhamento será
tangente à curva de reflexão em tempo. Na figura estão
também representados o refletor, Ζ R(x), sua curva de tempo de
reflexão, ΤR(ξp) e a curva de reflexão da múltipla, Τm(ξm).
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Figura 2 – Geometria do método de eliminação de múltiplas
em afastamento comum.
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Figura 3 – Comparação da aplicação do método em dados em afastamento comum (1200m). a) dados de
entrada; b) dados após o MSKS CO.

Figura 4 – Detalhe da figura anterior.

Figura 5 – Comparação da aplicação do método em dados far (20 – 40o). a) dados de entrada; b) dados após o
MSKS CO.
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Abstract
We present here some theoretical basis for multiple
attenuation of seismic time sections (1D and 2D)
based on the theory of Kalman-Bucy. The KB theory
was extended by Crump (KBC) to seismic deconvo-
lution, and by Mendel for generating seismograms.
This subject continues as an interesting research
topic, and we study it as an alternative to complement
the classical Wiener-Hopf-Levinson theory for pre-
diction (WHLP). It is rather intriguing the a priori
condition of stationarity in the design of these opera-
tors.

Introduction
The mathematical and physical representation of a
model by state variable is non unique. The present
method is flexible to permit the solution of different
problems, and we aim here to obtain a prediction
operator for multiple deconvolution based on the
Kalman-Bucy (KBCP) theory. The input has a mes-
sage, )(km , under convolution, and an additive noise
component, )(kn , in the form:

)()()()( knkrkskg +∗= , where )(kr  is the reflectiv-
ity series, and )(ks  is the primary pulse.
Crump (1974) represents the state variable, )(tx , as
being the reflectivity coefficients, )()( trtx = . In this
case the process is recursive for the generation of the
state vector, expressed by:

    )1()()()(
1

−+−= ∑
=

kuikrkbkr
L

i

C
i ,   (system),

    )()()()( kwkrksky +∗= ,                (output),
where )(ku  and )(kw  are theoretically considered as
a white stochastic process. Mendel et al. (1979) repre-
sents the state variable, )(tx , as being the seismic
trace, )()( tgtx = , to generate seismograms.
The present construction of 1D KBC operator is
partly made by analogy with the Wiener-Hopf-
Levinson´s (WHLP) prediction operators.

Method
We introduce here a form on how to relate the KBC
methods to multiple suppression on a reflection seis-
mic trace, taking the WHLP for analogy. Defining

)(tg  as the state vector in the form:

)1()()()(
1

−+−= ∑
=

kuikgkbkg
L

i
i ,   (system)

)()()( kwkgky += .                        (output)

This equation projects the seismic trace forward
through an weighted average of previous values, and
this permits, in principle, to build a vector )(kbi  to
establish such a relationship for )(kg .
The coefficients of the WHLP operator are obtained
through the autocorrelation, while the present KBCP
case are obtained through the vector )(kbi .
The equation in matricial expanded form is:
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And in compact form: bBa = . We have that:

∑ == P
i iTL 1 , ( #,2,1=P Nk ,,3,2,1 #= ), where L

is the length of the operator )(kbi , N is the length of
the input, and P represents the periodicity of the
events to be attenuated.
The desired solution for B  from the matricial equa-
tion, having a special structure, is of difficult solution.
A first natural form to resolve it is by a try-and-error
method that makes it dependent on a parameter β ,
and follows a resumed description:
For 1=k :  010 /)0( ggb = .
For 2=k :  )0()1( 01 bb β= ,
                   10120 /]})1([{)1( ggbgb −= .
For 3=k :  ),1()2( 01 bb β=  )1()2( 12 bb β= ,
                   2021130 /]})2()2([{)2( ggbgbgb +−= .
For Nk = :

)2()1()2()1()2()1( 211201 −=−−=−−=− −− NbNbNbNbNbNb NN βββ #
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0113221
0

])1()1()1()1([
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During the computational experiments 10 << β , and
it was made constant for a single trace . The )(kbi
functions, determined by recursive process, and are
shown in Figure 1.
The 1D KBCP operator has a construction similar to
the WHLP, and takes the form (see Figure 2):

]),(,0,,0,0),(,0,,0,0,1[)(
21

### kbkbih TTk =
For multi-channel (2D case), the prediction time
distance is off-set time dependent, ),( txTT = , and
we adopted a deterministic travel-time law to measure

),( txT , as given by:

( )[ ] 2/122
0 /)( vxtxt += ; ∑∑ +

=
+

== MN
i i

MN
i ii ttvv 11

22 ,
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where v  is the root-mean-square velocity accounting
for the multiples, with N the number of trespassed
layers, and M the number of repeated layers. (Taner
& Koehler, 1969). The 2D KBCP operator with a
construction similar to the WHLP, takes the form (see
Figure 3):

]),(,0,,0,0),(,0,,0,0,1[)( )()( 21
### kbkbih xTxTjk =

Figure 4 is the model to generate the seismograms,
and Figure 5 is an example of 1D KBCP deconvolu-
tion.
From the matricial equation bBa = , we obtain that:

1))(( −= TT bbbaB . From the table below, the ele-

ments of matrix B  does not have yet the desired

structure to recover the values of )(kbi  for the solu-
tion for the KBCP operator. This matrix must still be
triangularized to a special form.

Table 1 – Values of a , b e B , for  N=6.

a B b

0.10 1.29 1.32 -1.62 -2.71 1.05 5.06 0.08
0.13 0.76 3.66 -2.62 -1.97 0.39 3.58 0.11
0.13 0.45 3.87 -2.65 -2.10 0.42 3.83 0.43
0.11 0.36 -0.48 0.31 -3.38 0.93 7.13 0.13
0.08 -0.25 1.45 -0.99 -1.47 0.4 3.54 0.11
0.05 0.32 -0.17 -0.22 -1.19 0.46 2.82 0.05

Conclusions
The results obtained are nice, and the KBCP method
shows to be more flexible for operation than the
WHLP, if it can be optimized for routine.
Theories for the present proposed study seem to be
scarce for the authors. Other results of the present
method are presented in Rocha & Leite (2001).
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Figure 1. Examples of the function )(kbi  for different values of periodicity P, and of length L. (a) and (b) show the
window (size L) over the trace. (c) and (d) show the respective )(kbi  for the windows.
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Figure 4. Model of 4 layers over a half space for operator analysis. (a) Geological section. (b) Density log. (c) Ve-
locity log. (d) Distribution of reflection coefficients. (e) RMS log and Average Velocities. (f) Reflectivity. (g) Seis-
mic trace obtained by convolution between the medium impulse response calculated by the Goupillaud solution (f)
with an effective source pulse (Berlage function).
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Figure 5. Red arrows indicate the primaries, and blue arrows the multiples. (a) The KBCP operator. (b) Input trace.
(c) Output of the KBCP. Try-and-error method. The results are clear and good as characterized by the attenuation of
the events pointed by the blue arrows.
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Figure 6. Synthetic time section for the model (4 layers over a half-space). Symmetric multiples. Red arrows are
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output for comparison. (c) KBCP output. β = 0,9820. Nice outputs without (or weak) multiples left as shown by the
blue arrows. There are no refraction events.
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Abstract
This work discusses the basis of a proposed pass-
window for selecting events interpreted on a seismic
trace, and on its autocorrelation function. The method
is a modification of the WHLP filter for the
suppression of multiples. The solution is justified by
the description of the effective-pulse as composed by
a series of multiples to be deconvolved, starting with
single-channel, and then extrapolated to multi-
channel by a deterministic law.

Introduction
Suppression of symmetric and asymmetric multiples
in reflection seismic processing is already classical,
and it remains as an interesting problem to be
resolved. The desired solution depends on the type
and amount of a priori information available, and on
the ability to insert them in the governing equations.
The problem under investigation is a deviation from
the Wiener-Hopf-Levinson´s prediction (WHLP)
applied to multiple suppression. The study is
supported on the basic philosophy that the WHL´s
theory offers the possibility for adding information to
the design of specific operators (time-variant and
time-invariant).

Governing equations
A natural model is of stationarity. The filter, )(th ,
outputs by convolution, it is time-invariant, and
constrained to satisfy a desired output, )(td , through
the Wiener-Hopf-Levinson equation. The criteria is
the minimization of the variance between the desired,

)(kd , and the real outputs, )(ˆ kg ,

∑ = −= N
ki kdkgEhI 1

2})]()(ˆ{[)( , and it results in the

governing equation: )()()(1 lklkh dggg
N
k φφ =−∑ = .

The input has a message, )(km , and an additive noise
component, )(kn , and it is expressed by the form:

)()()()()()( knkksknkmkg +∗=+= ε , where )(kε  is
the reflectivity series, and )(ks  is the primary source-
pulse. The desired output is the message,

)()( Tkmkd += , where T is the prediction distance,
and at this point the operator is time-invariant and
single-channel. The correlations are:

)()()( kkk nnmmgg φφφ += , )()( Tkk mmdg +=φφ ,

)()( 2 kk mnn δσφ = . The signal/noise ratio is not

known in practical problems, and this control is
through the constant whitening parameter 2

vσ .

Method
The open general WHLP equation in parametric form
shows its composition subject to analysis. Submitted
to a window, )(kW , it is organized in 1D as:

)(])()([)( 2

1
Tlkkkh ggvss

N

k
+=+∑

=
φδσφ .

The autocorrelation function of the seismic trace,
)(kggφ , can be expressed in terms of its

contributions, and on the relation among them. One of
these is the reflectivity function that can be simple
when the distribution of )(kε  is pure random, what
means that )(kεεφ  is a white series, and that
theoretically multiples are absent (Silvia & Robinson,
1979). Even in this simplified situation )(kggφ  has
diversified forms.
The dependence of the autocorrelation on the seismic
trace can be analyzed starting from the construction
of )(kg , and justified as the result of the convolution
between the primary source-pulse, )(ks , and the
reflectivity, )(kε , with an additive random noise
component. The general expression for

)}()({)( lkgkgElgg −=φ  is given by:
)()()( kkk ssgg φφφ εε ∗= , where the crossed terms

with the noise component are considered non-
correlated. For the special condition of )(kεεφ  as

white series, this makes )()( 2 kk δσφ εεε = , and
)(kggφ  results in a simple scaled form as

)()( 2 kk ssgg φσφ ε= . (Gosh, 1998).

Some characteristics of )(kggφ  can be further

analyzed through )(kssφ . As an example
intentionally simple is the case of one simple
multiple, not accounted for in )(nε , represented by a
delayed pulse by T units, with the effective source-
pulse, )(kf , constructed by: )()()( Tksrkskf −−= ,
where T= (layer thickness)/(layer velocity), and r is
the reflection coefficient between the layer and the
lower half-space. A next case is that of two simple
multiples with different time distances )and( ji TT ,
and described by: )()()()( jjii TksrTksrkskf −−−−= .
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A generalization is given by ∑ = −= I

i ii Tksrkf 0 )()( ,
and it results in an autocorrelation of the form:

)()()(
0 0

liss
I

i
l

I

l
iffgg TTkrrkk +−=≈ ∑ ∑

= =
φφφ .

The first term of the series is )(2 kssr φσ , where the

variance, ∑ == I
i ir r0

22σ , modifies the desired

segment )(kssφ , and the deconvolutional operator
has a factor that scales )(nε . From this equation we
can not make many conclusions, and computational
experiments is an efficient way for practicality. For
selection of )(kssφ , it is necessary that the lengths of
the source-pulse, and of the temporal pass-window to
be shorter than the first multiple. Besides,
deconvolution with elongated operators can destroy
the information; operator with length iT  includes the
suppression of the multiple of period iT , and the
operator with length iT + jT  deconvolves the

multiples iT  and jT . The operator may not
distinguish a desired multiple from a non desired
multiple. These simple models are examples based on
the structure of the autocorrelation. The distances
between maxima of )(kggφ  allow, in principle, the

measurement of important parameters ( iT  and jT )
for the model.
The application of a window on the autocorrelation

)(kggφ  has the form )()()( kWks gg
W
gg φφ = .

Continuing with the simple model, and equating the
parts together, the operation is now described by:

)()()()(
0 0

21
1

jiss
I

i

I

j
gg

N

k
TTnkkWknkh +−−≈− ∑ ∑∑

= ==
φφ .

1)()( 12 =−= kkWkW , for 2k and 1k  the corners of
the rectangular pass-window to the autocorrelation
function for selecting the event to be suppressed on
the input trace.
For the multi-channel (2D case), the operator is

),( txhh = , and the WHLP equation is modified to:

)]([);(];[),( 12
1

2 xTlxllWxklxkh gggg
N

k
+−=−∑

=
φφ ,

with the prediction distance now off-set(x)-time(t)
dependent, ),( txTT = . We adopted the law as:

( )[ ] 2/122
0 /)( vxtxt += ; ∑∑ +

=
+

== MN
i i

MN
i ii ttvv 11

22 ,
where v  is the root-mean-square velocity accounting
for the multiples, with N the number of trespassed
layers, and M the number of repeated layers. (Taner
& Koehler, 1969).

Results and Conclusions
Applications and results of moving pass-windows are
in Alves & Leite (2001). The figures show examples
of window strategies, and results for the model
formed by one layer over a half-space. Figure 1
explores the time section, and trace autocorrelations.
Figure 2 are details of the process for the first trace of
Figure 1, showing the trace (input), the
autocorrelation and the pass-window, the prediction-
error operator, and the deconvolved trace (output)
with good results due to the existing periodicity.
Figure 3 gives the upper and lower limits for the 2D
moving pass-windows for the time section; the blue
lines are for the first multiple, the red lines for the
second multiple, and the yellow for the third multiple.
For each window, the first event is considered as the
primary and the multiple as the secondary. The pass-
window limits are defined on the basis of the
difference of arrival between multiples, in order to
keep the periodicity. Figure 4 gives geometrical
details of the mathematical algorithm proposed for
the moving pass-window, that in this case are for the
first and for the second multiple suppression. Figure 5
gives details of the autocorrelation, of the
crosscorrelation and of the prediction-error operator
for the trace of Figure 4. Figure 6 gives the output for
a zero off-set section, and for common-source
section. Results of the modified WHLP is good for
the zero-offset section due to the strong periodicity of
the events. In the case of common-source the
proposed algorithm makes it possible to apply the
theory for creating a periodicity by introducing a
deterministic law. This law being tested, it can
eventually be used for other purposes of processing.
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Figure 1. (a) Seismic time section of common-source. (b) Autocorrelation of zero-offset section. (c)
Autocorrelation of time section (a). The forward model is formed by one layer over a half-space.
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Figure 2. (a) First trace of the autocorrelation of Figure 1c, and limits of the pass-window. (b) Prediction-error
operator. (c) First trace from Figure 1a. (d) Deconvolved trace where we observe the suppression of the
multiples.
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Figure 3. Seismic section giving information
of primaries (P) and multiples (M1, M2 and
M3). The blue lines are the upper and lower
limits of the pass-window for suppression of
multiple M1. The red lines are the upper and
lower limits of the pass-window for
suppression of multiple M2. The yellow
lines are the upper and lower limits for
suppression of multiple M3. For each
window, the first event becomes the primary
(P, P and P) and the second event is
considered the multiple for  theoretical
consistency (M, M and M).
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Figure 4. Examples of application of the pass-window. (a) Geometry for the suppression of first multiple of the
5th trace of the time section of Figure 1a. (b) Geometry for the suppression of the second multiple of the 5th
trace of the time section of Figure 1. The complete pass-windows are drawn in Figure 3.
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Figure 5. (a) Autocorrelation of the time window of Figure 4b. (b) Crosscorrelation (input and shifted input) for
calculating the prediction operator. (c) Prediction-error operator showing oscillations.
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Figure 6. Deconvolved
sections. (a) Zero-offset, as
in Figure 1b. (b) Common-
source, as in Figure 1c.
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Abstract 
 
In seismic exploration the multiple reflections are 
dealt with as a noise to be compressed in the 
seismograms, in order to enhance de primary 
reflections. In this paper we simulate zero-offset 
intra-bed multiple reflection by using the new staking 
method called Common Reflection Surface (CRS) 
paraxial traveltime approximation. This is a model 
based strategy that is an important tool for identifying 
multiple reflections, being helpful for interpreting and 
providing informations about possible attenuation of 
these undesirable events. 
 
Introdução 
A sísmica de reflexão tem como principal objetivo 
obter uma imagem da estrutura geológica em 
subsuperfície. Com este intuito, os dados são 
submetidos a uma série de operações as quais levam à 
obtenção de uma seção sísmica final que será 
interpretada. Uma das etapas aplicadas com esse 
objetivo simula uma seção de afastamento nulo (AN) 
a partir de dados de reflexão sísmica de múltipla 
cobertura para meios 2D, o que permite a redução na 
quantidade de dados e a melhoria na razão 
sinal/ruído.  
Os métodos utilizados para simular uma seção AN 
baseados na teoria do Imageamento Homeomórfico 
(Berkovitch et al, 1997), são: Empilhamento de 
Superfície de Reflexão Comum (Hubral et all,1998; 
Muller, 1999) e Multifocos (Gelchinsky et al.,1997; 
Chira, 2000), os quais não necessitam a priori do 
conhecimento explícito do modelo de velocidade e se 
baseiam no trio de parâmetros: (1) ângulo de 
emergência oβ , (2) raio de curvatura NR ; e (3) raio 
de curvatura NIPR , introduzidos por Hubral & Krey 
(1980) e obtidos através das ondas fictícias chamadas 
Onda Ponto de Incidência Normal (NIP) e onda 
Normal (N). 
Neste artigo aplicamos o método de empilhamento 
Superfície de Reflexão Comum mostrado por Müller 
(1999). Empilhamos dados sísmicos contendo 
eventos de reflexões múltiplas de primeira ordem 
com o objetivo de simular a seção afastamento nulo 
realçando os referidos eventos de forma a facilitar a 
interpretação. 
 
Metodologia 
 
Tempo de Trânsito para Reflexões Primárias:- O 
método SRC apresentado por Müller (1999) tem sido 

aplicado com êxito na simulação de eventos de 
reflexões primárias mostrado por Chira, 2000. Está 
baseado no método do raio que descreve o tempo de 
trânsito para um raio paraxial arbitrário na vizinhança 
do conhecido raio central. Utiliza a aproximação 
hiperbólica do tempo de trânsito mostrada abaixo 
considerando o meio com variações suaves de 
velocidade. 
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Onde t0 é o tempo de trânsito afastamento nulo, v0 é a 
velocidade local no ponto X0 definido pela 
coordenada x0. xm e h denotam o ponto médio e o 
meio-afastamento de um par fonte-geofone, 
respectivamente. Os demais parâmetros são o ângulo 
de emergência do raio normal oβ , a curvatura da 
onda NIP ( NIPK ) e a curvatura da onda N ( NK ), 
ambas observadas em X0. 
Observa-se na equação (1) que este método 
independe do macro modelo de velocidades, sendo 
necessário apenas: a velocidade próxima da superfície 
v0 e o trio de parâmetros oβ , NK  e NIPK , os quais 
definem a superfície de empilhamento com o 
respectivo tempo de trânsito do raio de reflexão 
normal. 
A Onda NIP e a Onda N são ondas fictícias 
relacionadas ao experimento com afastamento nulo, a 
partir das quais torna-se possível a obtenção do trio 
de parâmetros. Ambas são geradas hipoteticamente. 
Para a Onda NIP consideramos que a fonte esteja em 
profundidade no refletor escolhido, coincidindo com 
um ponto NIP de incidência normal ao refletor e se 
propagando em direção a superfície. Já a Onda 
Normal é considerada o envelope de todas as ondas 
NIP uma vez que se propaga, por definição, 
perpendicularmente a todos os raios normais ao 
refletor. As curvaturas das ondas N e NIP são 
calculadas em função dos respectivos raios de 
curvatura  NR  e NIPR , assim representadas: 
 

N
N R
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NIP R
K 1=           (2) 

 
Segundo Hubral & Krey (1980) os raios de curvatura 
podem ser calculados através do procedimento 
recursivo mostrado na equação (3), o qual foi obtido 
com base nas leis de transmissão (reflexão e refração) 
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Empilhamento SCR Considerando Reflexões Múltiplas 
para o caso de três camadas sobre um semi-espaço 
infinito e meio 2D. 
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Onde R0 é o raio da onda emergindo na superfície da 
terra, si é o comprimento do raio, vN velocidade do 
meio, βi.é o ângulo de reflexão ou refração, αi é o 
ângulo de incidência, ρN é a densidade do meio e RF,i 
é o raio de curvatura da interface. 
Tempo de Trânsito para Múltiplas Reflexões:- As 
equações (1), (2) e (3) também são válidas para o 
cálculo dos tempos de trânsito dos eventos de 
reflexões múltiplas de primeira ordem conforme 
trajetória descrita na Figura 1. Contudo tornam-se 
necessários alguns ajustes na equação (3), de forma a 
considerar dentro do processo recursivo uma 
trajetória de reflexão. Dessa forma substituímos a 
parcela que se refere à transmissão do raio na terceira 
camada por outra que considera a trajetória do raio de 
reflexão na segunda camada 2,RR aplicando a lei de 
reflexão equação (4). Dessa forma v2 =v3 e α2 =β2. 
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Onde 2,RR  é o raio refletido na interface 2, 2,IR é o 
raio incidente na interface 2 e 2,FR  é o raio  de 
curvatura da interface. 
Superfície de Empilhamento:- O método SRC 
empilha dados sísmicos  ao longo de uma superfície 
que se sobrepõe aos tempos de trânsito t0 do raio de 
reflexão normal. A definição desta superfície é feita a 
través do trio de parâmetros supramencionados. Nesta 
superfície é efetuada a somatória de todas as 
amplitudes dos traços contidos na mesma, para cada 
raio central. O mesmo princípio é válido para as 
múltiplas. 
 
Exemplo 
 
Na parte inferior da Figura 2 mostramos o modelo, o 
qual é constituído de duas camadas sobre um semi-
espaço infinito com velocidades: v1 =2.5, v2 = 3.5 e v3 
= 4.5 m/s. E na parte superior a seção fonte comum 
correspondente gerada para compor os dados a serem 

empilhados. Foi utilizado o pulso fonte Gabor com 
freqüência dominante igual a 50Hz. A primeira fonte 
foi posicionada em xs=1.00km e o primeiro geofone 
em xg =1.10km, sendo distribuídos 48 geofones com 
distância de 0.025km entre eles, sendo disparados 81 
tiros com intervalo de 0.025km. 
A seção afastamento nulo a ser simulada é mostrada 
na Figura 3 e consta de 81 traços com intervalos de 
0.025 Km. 
Ao aplicarmos o método proposto obtemos seção 
simulada visualizada na Figura 4. Onde podemos 
observar a presença das reflexões primárias e 
múltiplas. Pra reforçar os resultados obtidos exibimos 
nas Figuras 5 e 6 em detalhe o trecho das seções AN 
e simulada referente somente às reflexões múltiplas. 
 
Conclusões 
 
Ao aplicar a técnica proposta constatamos que a seção 
AN foi simulada satisfatoriamente. Conforme 
resultados obtidos podemos observar o bom 
posicionamento dos tempos de trânsito e a boa 
visualização dos eventos de reflexões primárias e 
múltiplas. 
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Figura1:Trajetória dos Raios Normais considerada para o cálculo do trio de
Parâmetros oβ , NR  e NIPR , onde P1 e P2 são os raios de reflexão primária na
primeira e segunda interfaces respectivamente e M é a múltipla de afastamento
nulo. 

Figura 2 – Uma das seções Fonte Comum que compõe o cubo de dados a ser
empilhado. Na parte superior da figura vê-se o sismograma e na parte inferior o
modelo mostrando o traçamento dos raios somente para reflexões múltiplas, de
forma que sejam bem visualizadas. 
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Figura 3 – Seção AN – obtida através do traçamento 
de raios no pacote SEIS88.  
 

1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3
1.6

1.7

1.8

1.9

2

2.1

2.2

2.3

2.4

Distancia (km)

T
em

po
 (

s)

 
 
Figura 5 – Detalhe na seção AN visualizando apenas 
o trecho referente aos eventos de reflexões múltiplas 
da Figura 3. 
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Figura 4 – Seção empilhada pelo método SRC.  
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Figura 6 - Detalhe na seção Simulada visualizando 
apenas o trecho referente aos eventos de reflexões 
múltiplas da Figura 4. 
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Multiple Approaches to Deep Water Multiples
Raymond A. Ergas, Chevron Petroleum Technology Company, rae@Chevron.com

Abstract

Despite the tremendous progress that has recently
been made in the development and evolution of
algorithms for deep water multiple suppression, no
one method seems able to solve all problems.  Among
the commercially available techniques, some
combination will probably be needed to adequately
remove all types and orders of multiples.  Factors that
can influence the best solution include acquisition
style, noise environment, water depth, geologic
complexity, and reservoir type.  Finding the optimal
solution for each situation will remain a challenge as
both the business and technical opportunities change
with time.

Introduction

There is a very long history of attempting to remove
multiples from deepwater data.  A recent compilation
of significant papers by Weglein (1999) is already out
of date, as many new contributions have appeared
(see also Yilmaz, 2001).  Yet, we are still unable to
adequately improve the interpretive quality of images
in certain kinds of geologic environments.  In this
paper, we will consider why no single algorithmic
approach is likely to provide the complete solution to
the problem of multiples in complex geology and
deep water, particularly with the seismic data most
commonly available.  For clarity, we are restricting
the discussion to suppression of multiple reflections,
not using multiples for imaging, or treatment of other
source-generated energy such as converted energy or
multipaths.  These are topics worthy of separate
treatment. Also, we will consider primarily
techniques that can be applied to multi-streamer
marine acquisition, which are usually the first and
only seismic data available for a given prospect.

Four Biggest Problems

There are (at least) four significant challenges which
must be addressed in removing deep water multiples.
The first is that complex velocity structures, such as
allochthonous salt bodies in tertiary sediments,
produce truly three-dimensional multiples.  Some of
the most successful multiple suppression methods
now available (e.g. SRME, Berkhout and Verschuur,
1997) probably would work very well if we could
record with shots and receivers at all possible
locations.  Since this is impractical, we are often
forced into making assumptions about multiple

generation that rely on the narrow azimuthal
distribution of multi-streamer data.

The second difficulty is that the multiple generating
surfaces can change rapidly in position, dip, and
reflectivity.  There are excellent methods of attacking
multiples if the generators are smooth on the order of
a cable length (e.g. Radon Filtering, Foster and
Mosher, 1992), but this assumption breaks down and
the methods either fail to remove multiples or attack
primary energy.

Often a significant, but overlooked problem is caused
by the presence of a number of strong reflectors, so
that internal multiples are a major source of
contamination.  Internal multiples (as opposed to
surface-related multiples) are often more complex,
because all of the reflection surfaces are rugose, or
possibly because the “surfaces” are actually a
composite of many closely spaced interfaces.  Higher
order multiples can be generated within the recording
time, which is often not as significant for surface
multiples in deep water.  Additionally, the recurrence
period can be short enough to begin to overlap the
source wavelet length, so that the multiples take on
the character of a shallow-water multiple train.

Finally, there is the ever-present danger of
modification of the primary energy.  In particular,
systematic changes in prestack amplitude caused by
aggressive multiple suppression can give rise to
incorrect interpretations of potential reservoirs.
Ensuring effective multiple energy reduction while
trying to image subtle prestack features requires great
care.

Data and Models, Prediction and Subtraction

Multiple suppression approaches have usually been
divided between the direct filtering methods (e.g.
deconvolution and Radon in various domains) and
prediction/subtraction techniques (SRME, wave
equation extrapolation, etc.).  As these techniques
have evolved, the distinction has become somewhat
arbitrary.  Many of the direct filtering methods are
now used as predictors, with adaptivity used to
improve the suppression.  The traditional filtering
approaches can be considered to use adaptive
subtraction with no degrees of freedom.

Perhaps a more fundamental division is between the
earth-model driven methods, and the data driven
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methods.  The development of data driven
convolutional predictors, such as are used in SRME,
has been a major improvement in our prediction
ability for complex areas.  However, the data
acquisition limitations of normal field practice
introduce significant errors in the accuracy of the
predictions, due to lack of complete 3D coverage,
source and receiver imperfections, and near surface
complexity.

Modern imaging practices result in the development
of earth models that can be used to guide demultiple
techniques.  These models can be used with forward
seismic techniques such as ray tracing or finite
difference wave equations to predict multiples.   In
deep water, often we only require the water bottom
and upper part of the overburden.  And hybrid
schemes, which take advantage of both data and
model results are being used.  There is a range of
solutions that practitioners must consider to obtain
optimal results on any specific dataset.

The subtraction step is also undergoing an evolution
from the minimum energy methods used with SRME
in the past to more model driven techniques.
Frequently, aggressive adaptive subtraction attacks
primary energy or is unable to handle more than one
event at a time.  Progress in the development of new
subtraction schemes potentially will improve multiple
removal by all of the prediction techniques, so there
is a significant challenge in learning how to match the
two steps.

Examples

Many of the issues associated with suppressing
multiples in complex, deep water data have been
addressed by my colleagues and me as part of the
SMAART Joint Venture, a group of petroleum
companies who came together in 1998 to try to
improve the quality of subsalt images in the Gulf of
Mexico through better multiple suppression.  As part
of that effort, we have created a series of realistic
synthetic datasets designed to test and improve the
industry’s capabilities.  One of those datasets, called
Pluto 1.5, was designed to test improvements in our
ability to remove multiples from deep water subsalt
targets.  Details of the model construction are given
by Stoughton et al. (2001).  The elastic 2D finite-
difference seismic response was used to provide a
standard test for modern demultiple methods where
the results could be validated without uncertainties
introduced by lack of knowledge of the structure or
geophysical issues such as  velocity estimation or
acquisition noise.  This data has been released for use

by other investigators, and more information can be
obtained at www.smaartjv.com.

The prestack seismic data was sent to a number of
commercial processing firms, who applied their
production multiple removal techniques.  The data
were then returned to SMAART to undergo a
standard processing flow including prestack depth
migration using the exact velocities.  Our
methodology is described in Bishop, et. al. (2001).  A
total of 22 implementations were tested and
evaluated.

While the SRME method was generally the best,
there was a large range of variation in quality.  Use of
SRME on data of this complexity can require careful
pre-processing and parameter selection (Miley et al.,
2001).

Figure 1 shows a window of prestack-migrated data
with the strong base salt reflector dipping to the right
in the upper right corner.  This data has had no
specific demultiple algorithm applied, although the
imaging procedure will reduce the amplitude of
multiples compared to prestack data.

Figure 2 shows the same window, where we have
used a dataset produced without a reflecting free
surface, representing the air-water interface.  It has
been replaced with an absorbing boundary, so that
free surface multiples will not be produced.  Energy
propagating upward in the water column will not
return downward, and hence these multiples will not
be generated.  The difference in data quality is
remarkable, as the stratigraphy, fault planes, and
artificial point reflectors are now apparent.  Some
internal multiple energy can be seen.

Figure 3 presents what we judged to be the best of the
SRME algorithm results.  Clearly, a large percentage
of the free surface multiple energy has been removed,
with a significant improvement in interpretability
compared to figure 1.  Some events are only partly
removed, and our investigations of the reasons are
discussed by Miley, et al. (2001).

Figure 4 is the best of a number of attempts to Radon
filter the multiples prior to depth migration.  While
some energy has been removed, it is not very
effective at most of the free surface multiples.  The
reasons include the difficulty of correctly selecting
filter parameters in noisy data, and the rapidity with
which the multiple generators change spatially.
Radon filtering is used frequently in less complex
areas, but is very difficult to use effectively when the
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moveout curves of both multiples and primaries are
unpredictable without ray tracing or other expensive
modeling techniques.

A significant observation from these examples is that
none of the currently available techniques are capable
of completely removing multiples, even under
essentially ideal conditions.  The Pluto 1.5 data
contains no out of plane energy, little random noise,
has perfect acquisition geometry, and the velocity is
known.  Thus it seems important to consider whether
there is some combination of techniques that are
needed to provide the best result.  Due to the rapid
progress recently on individual techniques, and the
cost and time required to experiment on 3D data, little
information seems to be available about how best to
combine techniques.

Conclusions

While great progress is being made in removing deep
water multiples in complex geologic environments,
no single technique appears to attack all of the
elements of the problem.  Higher order and internal
multiples, three-dimensionality in multiple
generation, and interference among events during
subtraction are remaining challenges.  Methods that
using data driven convolution to predict surface and
some internal multiples have success in moderately
complex areas.  Increased use of earth models
estimated as part of normal imaging for both
prediction and subtraction would seem a useful
direction to overcome some the difficulties.

Direct filtering methods, such as Radon domain
filtering or deconvolution, still have a role to play, as
they are inexpensive, or can be useful in cases where
other methods are insufficient.  These techniques
have the advantages of attacking both surface and
internal multiples of all orders.  However, they can be
difficult to parameterize when the reflectors change
rapidly and are very sensitive to aliasing.

In the end, it appears that no single method will work
for all multiples.  For a given combination of
acquisition style, water depth, overburden, and target
type, we will need to predict how to best remove
multiples without exhaustive testing.  From the ever-
growing toolbox of methods available, certain key
combinations are likely to represent the “best
practice” at any time.  Discovering which set will be
an enduring challenge.
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Figure 1 – Prestack migrated and stacked
data from the subsalt target window without
any specific multiple suppression applied.

Figure 3 – Prestack migrated and stacked
data with the best SRME application.

Figure 2 – Prestack migrated and stacked
data with no free surface, and therefore, no
free surface multiples.  Internal multiples
and converted energy are still present.

Figure 4 – Prestack migrated and stacked
data with the best Radon filtering applied.
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Summary 
This paper presents details of the mechanics of 
multiple suppression by time moving windows, for 
time variant operators in 1D extended to 2D. This 
method is based on the theory named as Wiener-
Hopf-Levinson (WHLP).  
 
Introduction 
Desired solution for suppression of symmetric and 
asymmetric multiples depends on the type and 
amount of a priori information available.  
The WHL equation in parametric form for prediction 
is initially organized for single-channel (1D) time-
invariant as: 

)(])()([)( 2
1 Tllklkkh ggnss

N
k +=−+−∑ = φδσφ . 

The input, )(kg , has a message, )(km , under 
convolution, and a noise component, )(kn , expressed 
as: )()()()( knkkskg +∗= ε , where )(kε  is the white 
reflectivity series, and )(ks  is the primary source-
pulse. The desired output is: )()( Tkgkd += , where 

);( vxTT ≠  is the prediction distance, and )(kggφ  is 
the autocorrelation. For the multichannel (2D) time-
variant, the solution is organized as: 
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where the prediction distance has the expression 
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the root-mean square velocity, and it implies on the 
staking velocity for this case. (Leite & Alves, 2001; 
Taner & Koehler,1969). The signal/noise ratio (S/R) 
is here defined by the statistical variance in the form: 
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Where ig  is the signal without noise, P is the 
number of samples, g  and  n  are averages. 
 
Examples and Conclusions 
The examples are constructed in 2 convenient 
models. Model-1 is formed by 1 layer over a half-
space (Figure 1 to 4). Model-2 is formed by 202 
layers over a half-space (Figure 5 to 9). Layer 
thickness vary between 1 and 20 meters. 
Transmissivity effects are included as based on ray 
theory. Noise was built in for 5 different ( )2/ RS  
levels (0.5, 3, 5, 10 e 20). 
The deconvolved time section make the information 
from interfaces below the sill layers more evident. 
The form of the operator becomes more complex with 
the increase of the quantity of events within the pass- 
window. The WHLP operator removes the multiple 
one by one, and also gives good results in the 
presence of contamination by additive noise. 
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Figure 2. (a) Selective trace nearer zero-offset taken from Figure 1 (right). (b) The autocorrelation of trace in (a), and 
the red lines are the limits of the pass-window. The selected event corresponds to the multiple to be suppressed. 
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Figure 1. (left) Time-distance curves for
the time difference between primary and
first multiple, and time difference between
successive multiples. (Right) Seismic
section, where P inform the primary, and
M1, M2 and M3 the multiples. The blue
lines are the upper and lower limits of the
pass-window. The red lines are the selected
trace. 
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Figure 3. (Left) Autocorrelation of windowed traces of Figure 4-left. The red vertical lines are the borders of the 
pass-windows. (Center) Crosscorrelations obtained from windowed parts of the autocorrelations. (Right) Complete 
prediction-error operators. The sequence corresponds to the one of Figure 4. 

 
Figure 4. (Left) Selected traces 1, 20, 35 and 50 of time section in Figure 1. In red are the extracted  information to 
be deconvolved that contains the primary and its first multiple. (Right) Output of deconvolution of windowed 
information, where we observe the multiple suppression  inside the moving window. The number of points in the 
filter input is the same as of the output. 
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Figure 6. (Left) Input section common source with ( ) 102 =S/R  (model of Figure 5). The red traces are detailed in 
Figures 7 to 9. (Right) Output of filter. Primaries are P (low velocity) and S (diabase sill), and multiple is M (diabase 
sill). It is clear the suppression of the selected multiple. 

Figure 7. (Left) Selected trace nearer zero-offset from Figure 6-left. (Right) Autocorrelation of trace in left, and red 
vertical lines show the borders of the pass-window. 
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Figure 5. Model 2 (202
layers) for operator
analyses. Sedimentary
basin. Layer thickness
vary from 1 to 20 meters. 
(a) Geological Section. 
(b) Velocity Log. 
(c) Distribution of
Reflection Coefficients. 
(d) RMS and Average
Velocities. 
The model should present
undesirable effects from
diabase sills that haze the
information from lower
interfaces of low
impedance. 
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Figure 8. (Left) Autocorrelation of windowed traces of Figure 9-left. The red vertical lines are the borders of the 
pass-windows. (Center) Crosscorrelations obtained from windowed parts of the autocorrelations. (Right) Complete 
prediction-error operators. The sequence corresponds to the one of Figure 9. 

 
Figure 9.  (Left) Selected traces 1, 15, 30 and 50 of time section in Figure 6. In red are the extracted information to 
be deconvolved that contains the primary and its first multiple. (Right) Output of deconvolution windowed 
information, where we observe the multiple suppression  inside of the moving window. The number of points in the 
filter input is the same as of the output. 
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Abstract
We submit examples of 1D and 2D synthetic seismic
sections of a WHLP operator designed on the basis of
a deterministic moving window applied to the time
section, and on a time moving window applied to the
autocorrelation function to select events to be
suppressed. Non-zero off-set results are
systematically compared to zero off-set for
performance.

Introduction
This paper presents results of a strategy for the
Wiener-Hopf-Levinson prediction (WHLP) for the
suppression of symmetric and asymmetric multiples.
The synthetic traces are generated by thin layer
Goupillaud´s solution, and by ray theory under plane
waves. (Silvia & Robinson, 1979).
The period of the multiples is at least twice the length
of the effective source-pulse. The interpretation of the
presence of multiples is made on the seismic traces,
and on their autocorrelation functions.
We generate traces, )(kg , based on the convolutional
model, with dependency on the horizontal ray
parameter, p, expressed as:

)()()()()()( knkksknkmkg +∗=+= ε . Here )(ks
represents the effective source-pulse, )(kε  the
reflectivity function, )(km  the signal-message, and

)(kn  the additive signal-noise not accounted for in
)(nε , or in )(ks . The effective source-pulse, )(ks ,

can be described by several components along its
trajectory. These effects are the original source-pulse
(source signature), the multiples not accounted for in
the reflectivity, the inelastic attenuation, the recording
instrument, the spherical divergence, and the effects
of porosity could also be contemplated.
Our eternal temptative to describe noise involves a
local random and a local coherent part, and by a
component related to the seismic source with a
random and a coherent part. They may be submitted
to a convolution with filtering functions. For our
control in designing pulses, the most effective filter
component is the instrument (sensor).

The modified WHLP method
A convenient model consider time sections as
stationary. The filter , )(th , is an unknown time-
invariant operator that is constrained to satisfy a
desired output, )(td , through the WHLP 1D operator,
now expressed as:

)()()()( 12
1

1 TlllWklkh gggg
N

k
+−=−∑

=
φφ .

The solution defines the coefficients )(kh , which
depend on the operation that is intended for, and
organized by a priori conditions. ).(ggφ  represents
the theoretical stochastic autocorrelation of the input,
and )( 12 llW −  is the rectangular pass-window that
limits the information that lie in between 2l  and 1l .
For the 2D case, the modified solution is:

)]([);(];[),( 12
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where the prediction distance has the expression

( )[ ] 2/122
0 /)( vxTxT += , with v  the root-mean

square velocity. (Leite & Alves, 2001; Taner &
Koehler,1969).

Numerical results
The synthetic model is formed by 250 layers over a
half-space, and it simulates the estratigraphy of the
Amazon sedimentary basin. Layer thickness vary
from 1 to 20 meters. (Figure 1)
The analyses of the contents of the autocorrelation of
the seismic trace is illustrated in Figure 2, where it is
also shown the pass-window used to select the event
to be treated, and the correspondent operator.
We organized and selected 3 situations to illustrate
the performance of the modified WHLP operators for
the suppression of symmetric and asymmetric
multiples, and in particular the undesirable effects
from diabase sills that haze the information from
lower interfaces of low impedance. The first situation
has the sill at the middle part (Figure 3); the second
has one sill in the middle and one in the bottom
(Figure 4); and the third has one at the upper part, one
in the middle, and one at the bottom (Figure 5).
Figures 6, 7 and 8 are the multi-channel
correspondent to the single-channels of Figures 3, 4
and 5 (zero off-set).
For presentation, we introduced in the same time
sections white gaussian noise added with different
signal/noise ratios. The results are that the modified
WHLP operator shows good performance in the
suppression of multiples under the moving windows.
When the density of events becomes large the
deconvolution operator presents many oscillations,
and the performance decreases in resolution. The
attenuation of the operator oscillations by a
convenient exponential window placed around its
maximum makes it possible to improve the results.
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Conclusions
The proposed WHLP operators are efficient in the
suppression of coherent noise of zero-offset data. The
performance is specially good for the suppression of
symmetric multiples and peg-legs.
The deconvolved traces by prediction make evident
the information from interfaces underneath the sill
layers making their interpretation easier.
The form of the operator becomes more complex as a
function of the density of events on the trace.
The results of multiple suppression is also directly
related to the pass-window on the event on the
autocorrelation function. If the window does not
entirely contain the event to be suppressed, the filter
output is very much different from desired results.
The high density of events on the seismic trace makes
the operation for selecting multiples difficult.
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Figure 1. The model of 250 layers for operator analyses. (a) Geological Section. (b) Density Log. (c)
Velocity Log. (d) Distribution of Reflection Coefficients. (e) Log of RMS and Average Velocities. (f)
Reflectivity Function. (g) Seismic trace obtained by convolution of the medium impulse response (calculated
by the Goupillaud solution) with an effective source pulse (Berlage function).

Figure 2. Example of the unilateral autocorrelation
function of the first seismic trace of Figure 3, showing the
limits of the rectangular pass-window (red lines).
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Figure 3. The model corresponds
to the one of Figure 6. Left:
input. The red lines indicate the
primaries, and the blue lines the
multiples. P1 is the event from
the interface that separates the
low from high velocity layers. P2
is the event from the basement.
S1 is the event from the middle
sill. MP1,1, MP1,2 and MS1,1 are
multiples. MS1,P1,1 and MS1,1 are
the peg-legs. Right: output. The
performance on suppression of
multiples and peg-legs is clear
and good. Zero off-set

Figure 4. The model corresponds
to the one of Figure 7. Left:
input. The red lines indicate the
primaries, and the blue lines the
multiples. P1  is event from the
interface that separates the low
from high velocity layers. P2 is
the event from the basement. S1
and S2 are events from the sills.
MP1,1, MP1,2 and MS1,1  are
multiples. MS1,P1,1, MS1,1 and
MS2,P1,1 are peg-legs. Right:
output. The performance on
suppression of multiples and peg-
legs is good. Zero Off-set

Figure 5. The model
corresponds to the one of
Figure 8. Left: input. P1  is the
event from the interface that
separates the low from high
velocity layers. P2 is the event
from the basement. S1 and S2
are events from the sills. MP1,1,
MS1,2, MS1,2 and MS2,S1,1 are
multiples. MS2,P1,1, MS2,S1,1 and
MS2,P1,1 are peg-legs. The
performance is complicated by
the density of events. Zero off-
set
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Figure 6. The model
corresponds to the one of
Figure 3. Left: input. The
time section shows the
primaries (red arrow) and
multiples (blue arrow).
Right: output. The
deconvolved time section
shows good performance of
the modified prediction
operator.

Figure 7. The model
corresponds to the one of
Figure 4. Left: input. The
time section shows the
primaries (red arrow) and
multiples (blue arrow).
Right:  output. The
deconvolved time section
shows good performance of
the modified prediction
operator.

Figure 8. The model
corresponds to the one of
Figure 5. Left: input. The
time section shows the
primaries (red arrow) and
multiples (blue arrow).
Right: output. The
deconvolved time section
shows good performance of
the modified prediction
operator. The performance
is affected by the density of
events.
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Abstract
New results are presented based on the Kalman-
Bucy-Crump (KBC) theory, here adapted for predic-
tion (KBCP), and applied to the suppression of sym-
metrical and of nonsymmetrical multiples. These
multiples are related to upper low velocity layers
(weathering zone) and to deeper high velocity layers
(diabase sills). The method is to be compared to the
Wiener-Hopf-Levenberg (WHL) classical solution for
prediction in reflection seismics. The cases studied
are for (1D) zero off-set, and for (2D) time sections.

Introduction
The problem under study is the multiple suppression
related to an upper low velocity layer (weathering
zone), and peg-legs related to the same low velocity
layer and to a deeper high velocity layer (diabase
sills). This situation is considered as encountered in
the Amazon sedimentary basin to where our goals are
aimed at. The amount of existing seismic data is
rather large, and as they deserve more attention as
processing and interpretation problems are submitted,
and plausible solutions analyzed on synthetic models.
We look at extending the application to true ampli-
tude studies where the suppression of multiples from
the time sections represent an important task. This
challenge is mathematically related to the general
representation of inverse problems.

Forward Model
We construct the reflection trace by the convolution
model. The physics of propagation is governed by the
equation of particle motion in 1-D acoustic form:

)],()([),()( 2 txgxEtxgx xxt ∂∂=∂ρ , where )(xρ  is the
density, and )(xE  is an elastic constant. The phe-
nomenon is of a incident vertical plane wave on a
medium formed by horizontal, homogeneous and
isotropic layers. The boundary conditions of dis-
placement (or pressure) and of continuity of stress
result in defining the reflection, kr , and the transmis-
sion, kt , coefficients for the interface k between the
layers k and k+1 in terms of impedance:

)()( 11 ++ +−= kkkkk IIIIr , )(2 1++= kkkk IIIt . The
propagation is now transformed to a physics of inter-
faces, and the events making the seismic trace are
considered as primary and secondary reflections
(multiples). The relation between the descendent,

)(zD , and the ascendent, )(zU , waves, and between
the top, 0=k , and the bottom, 1+= Kk , is ex-
pressed by the matricial propagator:
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The reflection transfer function for a system of K
layers is given by:
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The denominator )()( 0 zQrzP kk −  has the property of
being of minimum-phase. The numerator

)()(0 zQzPr kk −  is not necessarily of minimum-phase,
what makes R(z) be or not to be of minimum-phase.
The polynomial division is ilimited, but numerically
made to correspond to the number of layers K .
In special conditions for analysis we can admit

)()( nrn ≈ε , or yet that )()( nrn =ε . The total re-
sponse in the examples show that the secondary field
can gradually have the same importance as that of the
primary field along the trace.
The source time history is represented by the Berlage
function: )2cos()()( 00 φπγ += − tfettAutf tn .
Control parameters are as: 1=A , 1=n , 5,320 =f
Hz, 300 =φ  rd, and )(tu is the step function.

Governing Equations
This problem, with respect to the non-stationarity and
to the data window, does not satisfy the conditions
required by the convolution integral. For this reason,
it is rewritten in the form of a moving average ac-
cording to the commonly referred to as the Wiener-
Kolmolgorov integral equation, and the generaliza-
tion is expressed by the matrix integral equation:

∫=
t

t ggdg
dtht

0

),(),(),( τστφτσφ ,

and ),( τth  is the corresponding desired optimum
time-variant operator. The real output is:

∫=
t

t
dgthtg

0

)(),()(ˆ τττ ,

The criterion used is the minimization of the residue
variance: ])}()(ˆ[{)( 2tdtgEhI −= .
The formulation has for basis expressing the response
of any linear system by an ordinary differential equa-
tion of order 1−N :

∑
−

=
=

1

0
)(

)(
)(

N

n
n

n

n tw
dt

tydta .
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Suppression of Multiples 2
The transformation to the state variable )(txn  and

)(txn!  is by substituting the higher derivatives of
)(ty . The resulting dynamic state equations in the

general (continuous, time-variant) compact form are:
       )()()()()( twtGtxtFtx +=! ,                (system),

       )()()()()()( tvtxtHtvtytz +=+= ,   (output)

)(tF , )(tG  and )(tH  are matrices with variable

elements in t; )(tw  is the forcing function that gener-
ates the state; )(tz  is the selected form for the output
given by the structure of the matrix )(tH ; )(tv  is the
additive noise present.
The continuous form solution is given by a system of
three coupled equations:

)()()(ˆ)]()()([
)(ˆ

tztKtxtHtKtF
dt

txd
+−= ,

)()()()( 1 tVtHtPtK −= ,

+−+= )()()()()()()( tPtHtKFtPtPtFtP TT!

)()()( tGtQtG T+ .

Method
The numerical algorithm is based on a discretized
process according to )()( tkxtx nn ∆= , where

tkttk ∆+≤≤∆ )1( , and from Euler's rule:

)()()()(
)()1(

twtGtxtF
t

kxkx
+=

∆
−+

,

to give

kkkk wxx +Φ=+1 ,            (system)

1111 ++++ += kkkk vxHz      (output).

We start identifying the variable with the non-
stationary model and rewrite the system-output pair.
First, the time variant pulse is contained in the matrix:

)(isH jji = . Second, the selection of the state vector
is nonunique, and it is defined as:

[ ])1()1()()( +−−= Lkgkgkgkx " . The dy-
namic equation to establish the recursive process of
generation of the state vector is completed by the
following model:

∑
=

−+−−=
L

i
i kukgkbkg

1
)1()1()1()( ,   (system),

where )(ku  is theoretically considered as a white
stochastic process. The 2D functions )(kbi  are de-
fined by a chosen model and experimentation; in the
present case it is a smooth decreasing function. The
transition state equation is

)1()1()1,()( −+−−Φ= kuskxkkkx ,  (system).
A window of gate given by the primary and its multi-
ple is established for each operation, where the con-
volution length is limited to the pulse length.. Other
details of the theoretical basis for this method are
presented in Leite & Rocha (2001).

Results
We constructed 1 basic model and 3 cases to show
the performance of the KBC operator for multiple
suppression. The basic model is formed by 100 layers
over a half-space. In the first case a sill layer is placed
in the upper part of the model (Figures 1 and 2); in
the second, the sill layer is placed in the middle (Fig-
ure 3); and in the third the sill layer is placed in the
bottom (Figure 4). The layer thicknesses vary from 1
to 20 meters. This model serves to simulate the es-
tratigraphy of the Amazon sedimentary basin.

Conclusions
Figures 2b, 3b and 4b shows the results of the KBC,
where we observe the good performance of (KBC)
operator  in suppressing the surface related symmetric
multiples.
The analysis of the outputs indicate clearly that the
undesirable effects from sills and upper layers of low
velocities are diminished, and information from low-
ers target layers (low acoustic impedance) are better
visualized.
The same strategy can be applied to other multiples
(internal, asymmetric), as long as a deterministic law
is established.
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Figure 2. 2D time section corresponding to Figure 1. (a) Model of 100 layers over a half-space, with a sill layer
placed at the upper part (PST) of the sedimentary package. Red arrows are primaries (P), and blue arrows are
multiples (M). (b) Result of the prediction deconvolution where the surface related multiples are suppressed.

Figure 1. Zero offset time section (1D) corresponding to Figure 2. Model of 100 layers over a half-space,
with a sill layer placed at the upper part (PST) of the sedimentary package. Red arrows are primaries (P),
and blue arrows are multiples (M).
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Figure 3. 2D time section. (a) Model of 100 layers over a half-space with a sill layer placed at the middle-
part (PSD) of the sedimentary package. Red arrows are primaries (P), and blue arrows are multiples (M). (b)
Result of the prediction deconvolution where the surface related multiples are suppressed.

Figure 4. 2D time section. (a) Model of 100 layers over a half-space with 2 sill layers placed at the upper
(PST) and at the middle (PSD) parts of the sedimentary package. The red arrows are primaries (P), and the
blue arrows are multiples (M). (b) Result of the prediction deconvolution where the surface related multi-
ples are suppressed. The operation takes care of one multiple at a time.
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The inverse-scattering sub-series for the removal of free-surface and internal multiples: 
Status, open issues and plans 
A. B. Weglein (University of Houston, aweglein@uh.edu) 
 
Introduction 
 
The industry trend to deepwater has raised the bar on 
seismic effectiveness due to a confluence of higher 
cost and technical challenges. Imaging beneath 
complex overburdens, e.g., salt, basalt, or karsted 
sediments, are high economic priority for 
hydrocarbon exploration and production and 
represent technical challenges without an 
immediately available effective response. 
 
A prerequisite for the imaging of primaries is the 
removal of multiples. Traditional multiple elimination 
techniques typically assume a 1-D earth, or 
periodicity of multiples, or move-out differences, or 
they require: velocity analysis, or interpretive 
intervention, or event picking. However, the level of 
technical challenge represented by the types of plays 
described above cause traditional methods to bump-
up hard against their assumptions with a concomitant 
degradation or cessation of effectiveness.  
 
 
A response to the challenge 
 
The inverse-scattering multiple attenuating sub-series 
for free-surface and internal multiples is a direct 
response to this tough and important challenge. The 
sub-series for attenuating free-surface and internal 
multiples (Weglein et al. 1997, Carvalho et al. 1992, 
Araujo et al. 1994, Matson and Weglein 1996, Coates 
and Weglein 1996) were described and exemplified 
for towed streamer and multi-component ocean 
bottom and on-shore data.  These multiple attenuation 
sub-series have excellent convergence properties, 
assume absolutely no information concerning the 
subsurface, require no velocity analysis, no event 
picking, nor interpretive intervention, and they have 
demonstrated effectiveness on field data (Carvalho et 
al 1992, Carvalho and Weglein 1994, Matson et al. 
1999). 
 
Imagine predicting and subtracting all the multiples 
from a salt body, while preserving all primaries, with 
no information about the salt structure, nor what is 
above the salt, i.e., no velocity, nor any other cause or 
influence on these multiples. Many considered this 
absolutely impossible in 1990, considered it 
somewhat understandable by 1997, and today it is 
considered eminently reasonable, when production 
strength codes routinely apply those algorithms and 
fulfill that promise. Another wave-theoretical 

technique, the feedback method, was pioneered by 
Berkhout (1982) and developed by Verschuur et al. 
(1992) and these two methodologies were compared 
(e.g., Berkhout et al., 2000 and Weglein et al., 2000). 
The inverse-scattering methods were the first and 
remain the only comprehensive method for 
eliminating all multiples from a heterogeneous earth 
with absolutely no subsurface information or user 
intervention of any kind.  
 
A useful method for attenuating internal multiples 
was developed independently by E.Landa et al. 
(1999). Although it requires event picking, it shares 
the timing prediction apparatus for the selected 
multiples whose primaries it has picked with the more 
complete and general inverse scattering internal 
multiple procedure. As we mentioned, the inverse 
scattering internal multiple method predicts the 
timing and amplitude of all internal multiples, at all 
depths at once, with absolutely no need for event 
picking nor interpretive interference. The Landa 
method is a cost-effective solution when the primaries 
from the reflectors generating the internal multiples 
are identifiable. This is also true for the feedback 
approach to internal multiples. However, under 
highly complex conditions, e.g., with hard to identify 
and/or interfering events, highly heterogeneous 
media, diffractive or corrugated reflectors, or small 
amplitude salt internal multiples proximal to small 
amplitude subsalt primaries, the wave-theoretical 
generality and power of the inverse scattering free-
surface and internal multiple prediction methods 
stand alone. 
 
All inverse-series applications require a good estimate 
of the source signature in the water, which is 
achievable under many circumstances (Verschuur et 
al. 1992, Carvalho et al. 1992, Carvalho and Weglein 
1994, Matson, 2000) and new techniques are being 
investigated and developed (e.g., Weglein et al. 2000, 
Manin and Spitz, 1995). The latter direct wavelet 
prediction and pattern recognition subtraction 
techniques are motivated by the need to go beyond 
the current energy minimization standard for complex 
and subtle free-surface and internal multiple 
subtraction and the problems presented by 3-D out of 
plane multiples to 2-D algorithms, respectively. The 
near future will see closer to true 3-D data acquisition 
and 3-D implementation of the algorithms, mitigating 
some of the impediments to reaching the full potential 
of these demultiple concepts. 
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Money and influence: Assumptions move from the 
subsurface to the measurement surface.  
 
No amount of money can impress, induce or 
influence a 1-D algorithm to understand a diffraction 
or to sympathize with a complicated 
multidimensional wavefield. However, money can 
affect the completeness of seismic acquisition and 
thereby allow multidimensional algorithms, designed 
to address a complex and largely unknown subsurface 
(albeit with greater demands on a complete and 
sampled wavefield on the measurement surface) to 
reach their inherent capability for providing added 
value. The development of more complete, realistic 
and costly demultiple and imaging algorithms 
empower the petroleum industry to allow those 
interested in spending more to achieve greater 
reliability and reduced risk, to have a new choice with 
a better chance at getting more. More realism and 
completeness are aligned with greater reliability and 
reduced risk. 
 
The industry trend is to develop new methods with 
fewer unrealistic assumptions about the subsurface 
and replace them with greater demands on the 
definition and completeness of the seismic 
experiment. 
 
 
Summary 
 
In this talk, we will briefly trace the evolution of the 
inverse scattering demultiple concepts and algorithms 
and exemplify them with synthetic and field-data 
examples. We will discuss their relationship to the 
important feedback methods, and describe issues that 
need to be addressed or that require further attention. 
The recent application of the feedback method to land 
data by Kelamis and Verschuur is noteworthy. 
Among the outstanding issues that will be discussed 
are: 3-D, wavelet estimation, near trace and cross-line 
interpolation and extrapolation, and deghosting. 
Candidate methods for addressing several of these 
impediments to effective multiple removal will be 
described. 
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