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Abstract

We have implemented a finite-difference algorithm for time-
remigration of GPR data in FORTRAN 90 and C, and stud-
ied its theoretical properties in detail. For a number of syn-
thetic models, out numerical experiments have been real-
ized. For these examples, we obtained perfect agreement
between the theoretical predictions and numerical results.
The examples also prove the computational efficiency of
the algorithm. Estimates of the true medium velocity can
be obtained.

Introduction

The objective of this work is the construction of an image of
the geological structure of the underground using record-
ings of seismic waves that have propagated through this
medium. This image construction is generally known as
migration. An update of the migrated image, which might
turn out to be necessary, for example, if the image was ob-
tained using an incorrect velocity model and an improved
model has become available, is often referred to as remi-
gration.

To construct a seismic image from GPR sections, it is nec-
essary to carry out a migration. This process repositions
the reflectors and collapses the diffractions, in this way gen-
erating an image that actually represents the geometry of
the reflecting interfaces in the underground. For a success-
ful application of a seismic migration, the knowledge of the
velocity distribution in the underground is essential. In this
work, we demonstrate the implementation of a strategy to
carry out repeated migrations in a very fast way, each for a
different velocity value. The permitted values for the migra-
tion velocity can vary in a user-defined range. The result of
this process is a sequence of images that can be evaluated
by the interpreter. In this way, he can choose that particular
image and migration velocity which best satisfies his given
interpretive criteria.

The necessity to improve a given migrated image is fre-
quent in seismic and GPR applications. The reason is that
the correct velocity model is unknown and has to be deter-
mined during the process of constructing the best possible

image. In conventional seismic processing, the estimation
of a velocity model is carried out by constructing velocity
panels from CMP gathers using different offsets. However,
this is not a common procedure in GPR processing.

This work is based on the velocity-continuation procedure
as proposed by Fomel (1994) (see also Hubral et al., 1996;
Fomel, 2003a,b). We have implemented a finite-difference
algorithm in FORTRAN 90 and C, and studied its theoreti-
cal properties in detail. For a number of synthetic models,
out numerical experiments have been realized. For these
examples, we obtained perfect agreement between the the-
oretical predictions and numerical results. The examples
also prove the computational efficiency of the algorithm.

Continuation equation

In this section, we present the method of velocity continua-
tion for a pressure field that obeys the acoustic wave equa-
tion in a medium with constant density. All our theoretical
results and numerical algorithms can be directly applied to
GPR data.

When ignoring amplitude effects, the process of velocity
continuation for zero-offset data can be described by the
partial differential equation (Fomel, 1994; Hubral et al.,
1996; Fomel, 2003a,b; Claerbout, 1986)
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where
� � ����� � � � 	�� is the zero-offset section that is to

be remigrated in velocity
	
,
�

is the vertical time and
�

is
the coordinate of the midpoint between the source and the
receiver. Each section of constant velocity

	
corresponds

to one image. To solve equation (1), we need an initial and
a boundary condition. The initial condition is given by the
original migrated image,

������� � ��� . The boundary condition
can be taken from the condition that outside the migrated
range, no image will be obtained. Then, the conditions read
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where
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is the initial velocity, and ) is the boundary time.
We need to choose ) �*� for continuations to smaller ve-
locities and ) � �

max, i.e., the largest time value of the
image, for a continuation to greater velocities.

Finite-difference approximation

We use the finite-difference method to solve the problem
given by equations (1)–(2). We discretize the variables
in the following way:
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are the initial midpoint,
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Figure 1: Discretization of the second derivative at
point ���������	��
������������
�������� .
time, and velocity value, respectively. We denote the pres-
sure field

�����
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. We discretize the equation
at the point

��� + � � /���� � � � 	 4 �!� � � � , using a centered scheme
for both first derivatives in the mixed-derivative term and
a second-order centered scheme for the second derivative
with respect to

�
. In this way, we have for the mixed deriva-

tive
� � �
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To discretize the second term of equation (1), we use the
mean value of the operator in the vertices, as indicated in
Figure 1. In this way, we obtain
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with
041

being the second-order centered finite-difference
operator for the second derivative with respect to

�
, i.e.,
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Substituting the approximations (3) and (4) in equation (1),
we obtain two inconditionally stable FD schemes. The first
one is forward in velocity and backward in time,
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where 9 4/ � ��	 4 �(/ . 	 . ����; -
. The second scheme is for-

ward in time and backward in velocity,
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( � , (:9 4 ���/ 0 1��0� 4 ���+�� /
� � , � 9 4/ 021 �0� 4+�� / � (7)
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Figure 2: Model 1: Constant-velocity medium with a
single diffraction point.

with the same 9 4/ .

In this work, we have implemented scheme (6), which is
more convenient to describe the remigration.

Numerical stability

To analyze the numerical stability of scheme (6), we utilize
the von Neumann criterion (Thomas, 1995). For that pur-
pose, we substitute

� 4+�� / �>= 4�?�@�A �CB � ,ED 1 �!1FD " �(� in scheme
(6) to obtain
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This immediately yields
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Substituting the values of 9 4/ in the above expression, we
arrive at = � ( 	�4

	 4 ���N+ (10)

Therefore, for increasing velocity, we have
 =  �O ,

for any
grid spacing. As a consequence, this FD scheme is incon-
ditionally stable.

To prove that also scheme (7) is inconditionally stable, it
is sufficient to apply the same procedure that was used
above. We conclude that the latter scheme is incondition-
ally stable for decreasing velocities.

Numerical experiments

Model 1:

The first model consists of a diffraction point in a horizon-
tal position at

� � , 6QP � m and depth R �TS P � m. It is
depicted in Figure 2 together with the corresponding ray
family. The corresponding zero-offset section was mod-
eled with a Ricker source pulse with a dominant frequency
of 20 Hz. The true propagation medium has a velocity
of 1.5 km/s (i.e., water velocity). For the zero-offset sim-
ulation, 200 source-receiver pairs were distributed along
the surface symmetrically around the diffraction point, reg-
ularly space at a distance of 12.5 m. The sampling rate
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Figure 3: Zero-offset section, which corresponds to a
time-migrated section with velocity 0 km/s.
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Figure 4: Remigration with velocity: 0.5 km/s

was 2 ms. Therefore, in the finite-difference computations,
. � � , 6 + P m and . � � 6 ms.

Figure 3 shows the modeled zero-offset section that corre-
sponds to a time-migrated section with a velocity of 0 km/s.
Figures 4–9 depict several remigrated sections for different
values of the migration velocity. We can clearly observe
the collaps of the diffraction when the migration velocity
becomes equal to the true medium velocity of 1.5 km/s.
Beyond this velocity, the diffraction event starts to change
its shape, so that the concavity, which originally was down-
ward, now becomes upward. For velocities greater than the
true medium velocity, all migrated images have this charac-
ter.

Model 2:

The second model can be seen in Figure 10. The zero-
offset section is depicted in Figure 11, where the CMP
spacing was chosen as 10 m. The source pulse was again
a Ricker wavelet, now with a dominant frequency of 12 Hz.
The true velocity of the propagation medium is 3.0 km/s, in
which two reflecting interfaces are embedded. The zero-
offset section was simulated using the exploding-reflector
model (Lowenthal et al., 1976). Since the second reflector
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Figure 5: Remigration with velocity: 1.0 km/s

Vel = 1.4 km/s
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Figure 6: Remigration with velocity: 1.4 km/s

is a synclinal structure, the zero-offset section presents the
well-known bow-tie structure. We see that as the velocity
increases, the bow tie unfolds. In the section for velocity
2.8 km/s, the bow tie has already disappeared. From that
velocity on, the reflector starts to smooth out. At the ve-
locity of 3.0 km/s, it has arrived at its correct shape. As
the velocity continues to increase the synclinal structe is
becoming broader and broader.

Conclusions

We have shown the implementation of velocity continua-
tion for time remigration using the finite-difference method.
Through our numerical tests, we can conclude that the
chosen algorithm allows to efficiently generate several mi-
grated sections for different migration velocities. Under fa-
vorable conditions, an estimate of the best velocity can be
realized by the interpreter based on the following criteria:

� If there is a diffraction event in the data, as is the case
during the detection of enterred ducts, the true veloc-
ity can be determined, since at this velocity the diffrac-
tion event collapses into a single point, and for larger
velocities, the concavity of the event changes.

� If there is a triplication of a reflection event in the data,
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Vel = 1.5 km/s

x (km)

ti
m

e 
(m

s)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

0

100

200

300

400

500

600

700

800

900

1000

Figure 7: Remigration with velocity: 1.5 km/s

Vel = 1.6 km/s
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Figure 8: Remigration with velocity: 1.6 km/s

these can also be employed to estimage the correct
medium velocity. At the true medium velocity, the tripli-
cation unfolds and the energy is well-distributed along
the event.

� For anticlinal interfaces, an upper estimate of the true
medium velocity can be found from the same criterion
of the distribution of the energy along the event.
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Figure 9: Remigration with velocity: 1.7 km/s
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Figure 11: Zero-offset section.
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Figure 12: Remigration with velocity: 2.0 km/s
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Figure 13: Remigration with velocity: 2.8 km/s
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Figure 14: Remigration with velocity: 3.0 km/s

Vel = 3.2 km/s

x (km)

ti
m

e 
(m

s)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0

500

1000

1500

Figure 15: Remigration with velocity: 3.2 km/s
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Figure 16: Remigration with velocity: 4.0 km/s
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