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Abstract

A wave propagation generated by a boundary source into a
weakly lateral heterogeneous medium (WLHM) occupying
a half-space z > 0 and consisting of two different materials
separated by an interface is considered in the acoustic ap-
proximation. In this paper WLHM means that the velocity
of the wave propagation depends weakly on the horizon-
tal coordinates « = (z1,x2) in comparison with the strong
dependence on the vertical coordinate z. The density is
assumed to be dependent only on z, and the shape of the
interface is described by a function weakly dependent on
z = (z1,z2). We consider the problem of the reconstruc-
tion of the velocity and density inside every component of
the half-space and the shape of the interface between them
from the knowledge of the medium response measured at
z=0. We obtain a recurrent system of 1D inverse problems
to find the first two terms in the decomposition in the refrac-
tion index n(z, ex) (inverse power of the velocity of wave
propagation) and the shape of the interface z = h(ex) with
respect to the small parameter e, the ratio of the horizontal
and vertical gradients of the velocity, along with the density.
In the zero-order approximation we derive a system of non-
linear Volterra integral equations for determination of the
density and zero-order term of the refraction index. Next,
the first-order approximation the refraction index is deter-
mined as a solution of a coupled linear system of Volterra-
type integral equations. We demonstrate the effectiveness
of the approach in numerical applications to the 2D case of
wave propagation.

Introduction

The inverse problems (IP)of geo-exploration imply investi-
gation of domains inside the earth crust which contain gas,
oil or other minerals. A large part of the earth crust may
be approximated by a layered structure, that is, may be
represented as a stack of layers separated with interfaces.
Within every layer the properties (velocity of the wave prop-
agation, density, and so on) depend smoothly on > and
slightly vary along the horizontal coordinates and have
jump discontinuities while crossing an interface. In this pa-
per we concentrate on the reconstruction of a smooth part

of the velocity and density as well as a shape of interface
in the acoustic approximation in an inhomogeneous half-
space consisting of upper layer and semi-infinite bottom.
Applying a boundary point source at the ground surface
z = 0, we analyze a response of the medium at z = 0 which
provides the data for the inverse problem. We study this
problem assuming that the velocity of the wave propagation
depends weakly on the horizontal coordinates, = = (x1, z2)
comparing to the strong dependence on the vertical coor-
dinate, z, i.e. we deal with a weakly lateral heterogeneous
medium (WLHM). Thus, we have a small parameter € char-
acterizing the ratio of the horizontal and vertical gradients
of ¢(z, z). Introducing the refraction index,

and a function describing the shape of interface z = h(ex),
we assume

n2(z, €x) = n(z)(z) +e<x,n(z) > +O(e2), (1)

ni(z) = (n1(2),m2(2)),
z=h(ex) =ho+e< h,x>+.., h=(h,h2), (2

where <,> means a scalar product. The importance of
WLHM is now well-understood in theoretical and mathe-
matical geophysics and there are currently numerous re-
sults on the wave propagation in WLHM (Borovikov et al.,
1979, Cervenu, 1987). However, to the best of our knowl-
edge, the only paper on inverse problems making use of
this type of dependence of velocity on the vertical and hor-
izontal coordinates is the publication by Bube K.P., 1985,
based on quite a different approach to the one of the paper
by Blagovestchenskii A.S., 1971, where ¢ = 1 and there is
a potential term ¢(z, ex).

We develop a perturbation-type algorithm of the recon-
struction of the main coefficients no(z), n1,2(z) of the re-
fraction index as well as the density p(z) and the coeffi-
cients ho, h1,2. We note that the method can be extended
to higher-order approximations. We, however, do not do
this not only for extra technicalities, but also taking into the
account the reality of geophysical measurements. As the
method reduces the inverse problem to a recurrent system
of 1D inverse problems, it provides, for multi-dimensional
inverse problems occurring in important practical applica-
tions, a technique which inherits some practically useful
properties of the one-dimensional inverse problems, e.g.
robustness and rapid convergence of corresponding nu-
merical algorithms.

The zero-order approximation, no(z), p(z) and ho are found
from the solution of a 1D inverse problem for the wave
equation in a layered medium which is well studied (Bube
et al., 1983). At this stage we employ a method of coupled
non-linear Volterra-type integral equations similar to the



method developed by Blagovestchenskii (Blagovestchen-
skii 1971, 2001). Our approach based on the Fourier
transform of the wave equation with respect to the hori-
zontal coordinates. This makes possible to utilize the de-
pendence of the resulting problems on &, with £ being a
dual to z. The next order terms of the refraction index are
obtained as solutions to some linear coupled Volterra inte-
gral equations. We develop a numerical algorithm based
on these integral equations which has proved to be quite
robust and effective. Having said so, we note that the in-
tegral equations for higher order unknowns contain higher
and higher order derivatives of the previously found terms,
thus increasing ill-posedness of the inverse problem. This
is hardly surprising taking into the account the well-known
strong ill-posedness of the multi-dimensional inverse prob-
lems (Colton et al., 1998 and Engle et al.,1996). What is,
however, interesting is that, within the model considered
in this paper, there is just a gradual increase of instability
adding two derivations at each stage in the reconstruction
algorithm.

Formulation of the problem

Let us consider the wave propagation into the inhomoge-
neous half-space described by the wave equation

2 —ziviuz T = (x1,22).
n”(z, ex)un — p(2)d (p(z)V) 0, (z1,22). (3)

Above and below the interface z = h(ex) we have

n(z, ex) = nM(z,ex), 0<z< h(ex),
YT 0z, ex), z > h(ex),

) p(2), 0<z<h(ex),
P= p2(2), z > h(ex).
We assume that © = 0 for ¢ < 0, and the boundary condi-
tion is

= 3(a)f(0)y 250G 10 = 50) or (1) =600,

4)
where §(x) and 6(t) are d-function and Heaviside function,
correspondingly. On the interface between two layers we
assume the following continuity conditions hold

u

z

W =0 p2Y

z=h(ex)

z=h(ex)

where the square brackets mean a jump across the inter-
face - the difference between lower and upper limiting val-
ues. We see seek solution to the direct problem in the form

ulza,t) = o / U6 0dE, €= (6, €),
" ©)
Uz &) = Y (i)™ U™ (2,,1), ()
m=0

where all functions U<m)(z, &, t) are real.

Our goal is to reconstruct the refraction index and
the shape of interface, namely, the functions p(z),
no(z), ni,2(z) and constants ho, hi,2, knowing the inverse

data collected during 0 < ¢ < 2T in seismic measurements
which are the values of a response given by

ou
@ - R(ﬂ?,t,é),
z=0
and -
R(z,t,€) = €"Ru(,t). @8)
m=0

Decompositions (1), (2), (7) and (8) give rise to the recur-
rent system of problems for U™, In particular, the zero-
order problem is

nd (AU —UD +1€PU@ =0, ¢ =& +€, (9)

0)
U© — f(t pi(
z2=0
) _ Lo _
[U ] - 07 [7Uz ] - 07
z=hg p z=hg

with the inverse data given by

U] =) = [ cos(< €0 ) Rofe )

z=0 R2

The first-order problem is

ng()UY — UL +1ePUY =<, veUY >, (10)

v =,

z=0

[U(l)— <h, VU > } =0,

z=hg

:0’

z=hg

1 - _
L}{U;U_ <h, VU > +U09 < ¢ h> H

with the inverse data given by

o I (3 :/Sin(< &3 >)Fa(w, t)de.

z=0 R2

In this paper we confine ourselves to the reconstruction of
only p, ng, @ and ho, h. The reconstruction of the higher
order terms is, in principal, possible using the same ideas
as for 7 and h, although is more technically involved. More-
over, in practical applications in geophysics the measured
data make possible to find the inverse data only for p, no, 7
and ho, h. Clearly, in real measurements R is not given as
a power series. However, as Rz, is even and Ram+1 iS
odd with respect to =, we have

ro(t, &) = /cos (< & x >)R(z, t)dz + O(c°),

R2

ri(t, &) =€t /sin(< &, x >)R(z,t)dz + O(%).

R2



Algorithm for solving the IP in the zero-order approxi-
mation

In this section we briefly describe an algorithm of solving
the inverse problem of the zero-order approximation for the
inhomogeneous half-space, that is description of an algo-
rithm to solve IP of determination of no(z), p(z) and ho by
means of the response function ro(§,t). Let us introduce
two new independent variables

z

Y= /no(z)dz7 o(y) = 7;0(22'7((5)))).

The function o (y) is called acoustic rigidity. Then, we have
__1 9 ), &7 5o _ iy
Uit o(y) Oy (U(y)Uy > oz uv® =0 (1)

Let us change the dependent variable

¢1(y7t) =V U(y)U(0)7 1/)2(y7t) = % %7 (12)

thus, reducing the second order PDE for U to a system
of two PDE of the first order

Y1t + 1y P2
{ Yoo — 2y = q(y)i, (13)

where

(Vo) e
oly) "

Let f(t) = 4(t). Then, the closed nonlinear Volterra system

q(y,§) = — (14)

Yy

Ui(y,t) = [Wa(n,t+n—y)dn,
0
Pa(y,t) = = [a(n,)vr(n,t —n+y)dn+g(t+y,8),
0
Y
q(y,&) = —2[qm,&vi(n, 2y —n)dn +29(2y, )

0
(15)
allows us to determine the function ¢(y,&) for0 < y < T
knowing the response g(t, &)

né)(o) 5(t) + To(t,&)

g(t, 5) = 6l(t) + 2n0(0) m

(16)

for 0 < ¢t < 2T. Let us assume that discontinuity takes
place at y = L. Having solved this system for two different
values £; and &2, we determine the refraction index in the
zero-approximation for 0 < y < L by means of formula

_ &P —lal
no(y) = q(y, &) — q(y, &)’

which must be used together with

o / njiyy)'

0

The density p(y) may be determined by solving the ODE
for w(y) = v/o(y)

v sufaners K <y
’ ng(y) ’

which follows from (14), assuming that o(0) and ¢’(0) are
known.
In case of two layers problem consider a wave propagation
through the interface applying WKB singularity analysis for
the reflected and transmitted waves. Then, for the sum of
the incident and reflected waves we obtain
g _ 0ty 0ty
o(y)  2y/o(y)
S(t+y—2L) O(t+y—2L)

a(y) 2+/0(y)
0<y<L, L<t<?2L.

For the transmitted wave WKB asymptotics is given by

3t —vy)

Qo(y)+

do

(di+Qi(y)) + -,

U(O) = S0

y>L, L<t<2L,
where
y y
Qo(y):/Q(Ti»f)d% Ql(y):/tJ(n,ﬁ)dn-
0 L
Unknown quantities do, di and so, s1 are the reflection

and transmission coefficients. Using the interface continu-
ity conditions

@ =0, loxU”]

y=L

=0,

y=L

leads to a system of four linear equation with respect to
unknown do, di and so, s1. Its solutions are

d 1_crt g4+ 2
= — So = _— R
TR YTV E

ol (1+do) + Qo(L) (0~ —04) = s00%y [ o=
di = ,
g4+ +o_

or 0”,(1+d0)+2Q0(L)O’_ 7800'; Zi
81 =,/ — ,
! [0 o4 +o—

where o+ and o’ are the limiting values of o(y) and ¢’ (y)
aty — L —0andy — L+ 0, correspondingly.

Analyzing the incoming singularities at point y = 0 at the
time ¢ = 2L, we will be able to measure L, do and d;. This
will give us o4 and o’,. Thus,

L

ho = / njg/y)'

0

The next steps is the reconstruction of velocity at a large
depth for L < y < T, which is illustrated in the Fig. 1. This
reconstruction requires the data observed for the segment
0 < t < 2T. At this stage we again apply the non-linear
Volterra system of integral equations (15) in the new frame
(v',A,t") (y =9y +L, t=1t+L). This requires knowledge
of 41 (0,¢'—y") and 12 (0, ¢’ +y’) at the vertical segment AB,
that is the right-hand side limits ¢;",. First, we determine



2T

Yy
4L

<o), VeUyY 0,2y — 0, &) >

B ap1(y) =2/dnG1(y7n7n—y,§1)

0

ng(n)p(n)

=y

2
- - 2
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Figure 1: Characteristic lines in the case of two lay- apa(y) = Q/d?’]Gl(y,n7’r]—y,£2) 571?;277)17(77) :
ers. 0

2
- mGl (y7 07 -Y, 52)7.1 (22/7 52)+
¥y 5, the left-hand side limits, using the first two equations 0

of the system (15) as we know q(y, &) for 0 < y < L. This y o 2o

— 0
may also be done, for example, by using the finite differ- /dn / drGa(y,n,y — 7, &2) = @(n)’ijt(t)(n’T’ f2) >
ence method applied to the system (13). Employing the n6(m)p(n)
interface continuity conditions at y = L, we obtain the re- K
quired data of 11 (0, t' —y') and ¥ (0, ' +v') at the segment 1 i
AB. _7/dTG2(y707y_7-752)T1(7—a€2)7 (19)
Algorithm for solving the IP for the first-order approxi- no(0) 5
mation .
In this section we describe even more briefly an algorithm where we have introduced
to solve IP of determination of 7(z) and k by means of the Gi(y,mt—7,8) = \/@G(y, nt—1,8),
response function r1(&,t). We first integrate all the time
dependent functions of the zero-order problem with respect Ga(y,n,t —1,8) = Gie(y,n, t — 7,&) + Gy (y,m, t — 7,§),

to ¢ such that the Green'’s function G(y, n, t) satisfying

0)
O — o, 2O 1 9 [9%
=0 no(0) G — o(0) 3y <a(y)Gy> + 77(2)6’ =6()é(y —m), (20)
In the case of layer and bottom separated with interface the G—0 if
formulation of the corresponding problem using y and o (y) =0 y<mn
variables is given by and .
1 d
) l¢|? 1 0 (y) = — n_
gm__L 9 COR U (S e CO (0) p(y 3 3
“ " o(y) Oy ("(”Uy Tl T Vel > 203(0) | g
. (17) The system was obtained for arbitrary & and & which are
) —0. UWw ri(€, ). not equal to zero.
L n0(0) ing i iscontinuity, the |
y=0 y=0 0 Taking into account the discontinuity, the interface between
B upper layer and bottom, the WKB singularity asymptotic
69) (0) g y asymp
UY —po(y) < h,VeU,” > =0, analysis for the sum of the incident and reflected waves
y=L gives
Y
[U(y)Uél) - (pa(y)2 <h,VeUyy) >+ )} / < 7,& > p(n)dn+
. o(y) J
po(y)o(y) < h, VgUéO) > —U(0)<€’p>> =0. v
y=L 0t +y—2L) o
Introducing a new notation for the unknown functions o(y) <mpr>dpt D)
?(y) = (¢1(y), v2(y)) = n(y)p(y), 0<y<L, L<t<?2L,
the following linear Volterra system was obtained _ 1 19 4 d
(Blagovestchenskii et al., 2005) to solve the corresponding 2 (y) = 52 (2 afah - &/ 277 >, 0<y<L.
IP for 0 < t < 2T (before discontinuity) n5(y) 3 n5(1)

L



Here is the transmitted wave

U(1>_9(t—y)</<n,pz>dn+s>+... . (21)
a(y) J

y>L, L<t<?2L,

Y
@y L (1o [ dn
Py (y) = 2ng(y) (28&81 gz/ng(n)>7 y > L.

L

Substituting these asymptotic expressions for U") into the
two interface continuity relations, we obtain a system of two
equations with respect to two unknowns D and S, reflec-
tion and transmission coefficients. Measuring at y = 0 the
amplitude of arriving wave at the moment of time ¢ = 2L,
we may estimate D, and then, knowing D for & = (a,0)
and & = (0, a), we obtain the values for h = (hi, h2)

hi = [D(&)(lJr Z*) - (1 Z*) / <n,& >p(y)dy]

L 4 1
04 — 00— n
[20;71 o +o /n%(n):| )
0

where p7 is the limiting value of p1(y) asy — L — 0. The
problem of determination of 7(z) in the second layer by
means of the response function 71 (¢, £) is reduced to a lin-
ear Volterra system (Blagovestchenskii et al., 2005) which
is similar to (18) and (19) if we consider again the corre-
sponding problem in the new coordinates y', ¢’ related with
the frame (v', A,t') (y =y + L, t =t + L, see Fig. 1).
Numerical results
In this section we apply the above method to solving nu-
merically the described inverse problem. Numerical results
were obtained for the 2D case problem with coordinates
(z,z), and

n® =ng(z) +exni(2), p(z) =

The algorithms described above to solve the zero and first-
order problems of finding p(z), no(z) and n1(z), ho and hi
were implemented into a computer code. To generate the
inverse data, ro (¢, t) and 1 (&, t), we use a finite-difference
method to solve the initial boundary value problems (9) and
(10). In Fig. 2, a) and b), the chosen profiles of ng(z), o(z)
are given by trigonometric polynomials

no(z) = 1+04sinz, 0< z < ho,
7= 1-0.2sin1.4z, z > ho,

(2) = 1+0.2sin0.72, 0 < z < ho,
o) = 1—0.2cos1.2z, z > hg.

In Fig. 3 for two cases of n1(z) we chose

n(2) = —0.37sin1.22 — 0.04sin2.4z, 0< z < ho,
e = —0.25sinz + 0.04sin2z, 2 > ho,

ni(z) = 0.37sin1.2z — 0.04sin2.42, 0 < z < ho,
7Y —0.25sin1.52 + 0.04sin3z, 2z > ho.

The reconstructed profiles in Fig. 2 and 3 are presented to
compare with the corresponding original profiles. It may be
seen that we have a good agreement between both types
of data. The step in the discretized problem, dy is taken to
be 0.08. The values &2 = 0.1,0.11 and 7' = 10 (L = 5)
were chosen for all graphs.

The method has shown to be quite stable, fast and accu-
rate. When solving Volterra-type integral equations, both
non-linear and linear, the iteration processes need just a
few iterations (for all graphs the number of iterations was
chosen 10). Numerous computer experiments have shown
that for a better accuracy and fast convergence of the it-
eration process it is reasonable to use for the chosen pro-
files the segment |¢| < 0.5. In applications to geophysics,
the unity of the refraction index corresponds to the average
speed of the wave propagation ¢ =3km/sec.

Summary and Conclusions

We have described a new method of the reconstruction of
the velocity of the wave propagation and density in WLHM
assuming that the density depends only on depth and de-
veloped a corresponding numerical algorithm. The demon-
strated method of solving the inverse problem proved to be
efficient in computer analysis.
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