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Abstract

In homogeneous media, the two-way wave operator (or just
wave operator) can be substituted by the product of two
one-way wave operators that form the standard factoring
of the wave equation. These one-way operators gener-
ate two one-way wave equations, which are fast tools for
modeling and migration since they allow us to separate the
two-way wave (or full wave), which is the solution of the full
wave equation, into two one-way waves, a downgoing and
an upgoing one. Since these one-way waves are solutions
of the wave equation in homogeneous media, they satisfy
the same approximate (ray-theory) differential equations,
eikonal and transport equations, as does the full wave, that
is, their traveltime and amplitudes agree in first order ap-
proximation with those of the full wave. Since these one-
way wave equations produce correct traveltimes even in in-
homogeneous media, they have been used in wave equa-
tion migration WEM (Claerbout, 1971; 1985). However, in
this case, they do not correctly treat reflection amplitudes.
Therefore, using them, only kinematically correct migrated
images are obtained. In this paper, we study how the one-
way wave operators need to be changed to make the one-
way waves produce the same amplitudes of the full wave
and keep the traveltime agreement.

Introduction

The one-way wave operators used in the standard factor-
ing of the wave equation allow us to separate solutions of
the wave equation (waves that propagate in both downgo-
ing and upgoing directions) into downgoing and upgoing
waves (one-way waves). In a homogeneous medium, the
traveltimes and amplitudes of the one-way waves are the
same as the full wave, since they satisfy the same differ-
ential equations. These equations are the eikonal equa-
tion that governs the traveltime, and the transport equation
that describes the amplitudes. If we must handle the wave
equation in an inhomogeneous medium, the one-way wave
amplitudes become different from those of the full wave,
while the traveltimes remain the same. Recently, Zhang et
al. (2003) have shown how to modify the one-way wave
operators in order to make modified one-way waves with
the same amplitudes and traveltime as the full wave.

First, the domain is changed trough the Fourier transform
in time and transverse spatial coordinates (x, y). Thus, the
wave equation, which is a partial differential equation, be-

comes an ordinary differential equation. Here, depth (z) is
the direction of propagation. Then, the standard factoring
of the wave equation for homogeneous medium, where the
velocity of propagation is constant, is modified for the case
when velocity depends on direction of propagation, that is,
c = c(z). Finally, the factoration is generalized to fully het-
erogeneous medium where c = c(x, y, z).

The implementation of the modified one-way operators in
the case where c = c(x, y, z) involves applying the square-
root of a differential operator as a pseudo-differential oper-
ator. This square-root operator can be represented as an
integral in which a rational function of the transverse Lapla-
cian appears in the integrand. Through this one can do
an asymptotic analysis of the implementation results of the
modified one-way waves.

These modified one-way waves were recently presented
by Zhang et al (2003), who also show that the solutions
of these waves have traveltime and amplitudes that are
asymptotically consistent with the solution of the corre-
sponding full wave equation. And, in this sense, the one-
way waves are called true amplitude one-way waves.

Using this true amplitude one-way waves, a true amplitude
WEM can be formulated, starting from to classical WEM
of Claerbout(1971;1985). This modified WEM produces a
reflector map, and amplitudes that agree with the solutions
of the full wave equation.

Modified one-way waves

In the following discussion, we describe how to obtain the
true amplitudes one-way waves for the cases in which the
velocity of propagation c of the medium are c = constant,
c = c(z), c = c(x, y, z).

Let us introduce the definition of Fourier transform, and his
inverse form, that is used in this work

F (kx, ky, z, ω) =

∫

dx dy dt F (x, y, z, t)

× exp{i(−ωt + kxx + kyy)}, (1)

F (x, y, z, t) =
1

(2π)3

∫

dkx dky dω F (kx, ky, z, ω)

× exp{i(ωt − kxx − kyy)}. (2)

The study is done around the tridimensional wave equation

1

c2

∂2u

∂t2
−∇2

u = 0. (3)

Despite the wave equation has an exact solution for some
cases, in an inhomogeneous medium it generally has not.
Therefore, we take the ray theoretic aproximation (or WKBJ
solution)

u = A exp{−iωϕ(x, y, z)}, (4)
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as a candidate to the solution of the wave equation. Here
A is the amplitude of the wave and ϕ its traveltime.

For constant propagation velocity, it is possible to write the
wave equation in the frequency/wave vector domain as

Lu = 2
∂2u

∂z2
+

(

ω2

c2
− (k2

x + k
2
y)

)

u + k
2
zu

=
[

∂

∂z
± ikz

][

∂

∂z
∓ ikz

]

u, (5)

where

kz = sign(ω)

√

ω2

c2
− ~k2 =

ω

c

√

1 −
(c~k)2

ω2
, (6)

~k
2 = k

2
x + k

2
y, (7)

~k = (kx, ky). (8)

Here, the symbol L is the differential operator of the full
wave equation, the vector ~k is the transverse wave vector,
and

[

∂

∂z
± ikz

][

∂

∂z
∓ ikz

]

u, (9)

is the standard factoring of the wave equation.

The one-way differential operators

[

∂

∂z
± ikz

]

, (10)

generate the one-way wave equations

[

∂

∂z
± ikz

]

u =
[

∂

∂z
± ikz

]

A
± exp{∓ikzz} = 0, (11)

the solutions of which are a downgoing and an upgoing
wave, respectively. Therefore, as we can see in (5), these
waves are also solutions of the wave equation in a ho-
mogeneous medium. So, they satisfy the same differen-
tial equations and obviously they have the same traveltime
and amplitudes as the full wave. Thus, for a homogeneous
medium, the standard one-way wave equations are the true
amplitude one-way wave equations that we are looking for.

The next step is to derive one-way waves for the case that
the velocity depends on the direction of propagation, that
is, c = c(z).

Upon the introduction of the slowness vector ~p

~p =
~k

ω
, pz =

kz

ω
=

1

c(z)

√

1 − (c(z)~p)2, (12)

the wave equation can be rewritten as follows

∂2u

∂z2
+ ω

2
p
2
zu = 0. (13)

Using again the slowness vector, the wave equation solu-
tions and its derivatives become

u = A(z, ~p) exp{−iωϕ(z, ~p)}, (14)
∂u

∂z
=

∂A

∂z
exp{−iωϕ} − iAω

∂ϕ

∂z
exp{−iωϕ}, (15)

∂2u

∂z2
=

∂2A

∂z2
exp{−iωϕ} −

∂A

∂z
iω

∂ϕ

∂z
exp{−iωϕ}

−
∂A

∂z
iω

∂ϕ

∂z
exp{−iωϕ} − iAω

∂2ϕ

∂z2
exp{−iωϕ}

−Aω
2
(

∂ϕ

∂z

)2

exp{−iωϕ}. (16)

Substituting this solution and its derivatives in the wave
equation, one obtains

{

−ω
2

[

(

∂ϕ

∂z

)2

− p
2
z

]

A − iω

[

2
∂ϕ

∂z

∂A

∂z
+

∂2~p

∂z2
A

]

+

O(1)} exp{−iωϕ} = 0. (17)

The equation above provides the eikonal and transport
equation, respectively, in the domain of transverse slow-
ness vector

∂ϕ±

∂z
= ±pz. (18)

∂A±

∂z
−

1

2c3(z)p2
z

∂c(z)

∂z
A

± = 0. (19)

In the eikonal equation, the upper sign corresponds to the
downgoing wave and the lower sign corresponds to the up-
going one. However, the transport equation is the same for
both solutions since only p2

z appears in it.

Let us examine the differential equations for the one-way
waves. Consider the one-way waves coming from the stan-
dard factoring

[

∂

∂z
± ikz

]

A
± exp{−iωϕ

±}. (20)

Through these equations we obtain the respective eikonal
and transport equations

∂ϕ±

∂z
= ±pz, (21)

∂A±

∂z
= 0. (22)

We can see that eikonal equation (21) for the one-way
wave agrees with the eikonal equation (18) for the full wave.
However, the transport equations (19) and (22) are differ-
ent. Thus, while the traveltimes of both waves agree, the
amplitudes do not. For the purpose of making the one-way
waves amplitudes equal to the full wave amplitudes, the
one-way operators must be modified. For this end, a new
term is added to these operators

[

∂

∂z
± ikz + α

]

. (23)

Then, the modified equation (20) leads to the new differen-
tial equations

∂ϕ±

∂z
= ±pz, (24)

∂A±

∂z
= αA

±
. (25)
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From a comparison of equations (19) and (25), it becomes
clear that the modified one-way operators

{

∂

∂z
∓ iωpz −

1

2c3(z)p2
z

∂c(z)

∂z
A

}

u = 0, (26)

are kinematically and dynamically equivalent to the full
wave equation. By construction, these equations have the
same eikonal and transport equations as full wave, as de-
sired.

Finally, we go to the case of the fully heterogeneous
medium where c = c(x, y, z). In such a situation, the
Fourier transform is not going to facilitate the problem,
since a convolution appears when applying the Fourier
transform to the first term of the wave equation. Therefore,
the above last one-way equations obtained for c = c(z) are
modified to include variations in all dimensions. Substitu-
tion of c(z) by c = c(x, y, z) in these equations yields

{

∂

∂z
± ikz −

ω2

2c3(x, y, z)k2
z

∂c(x, y, z)

∂z

}

u = 0. (27)

To make the following calculations easier, we rewrite the
expression above as
{

∂

∂z
∓ ikz −

1

2c(x, y, z)

∂c(x, y, z)

∂z
[1 + W ]

}

u = 0, (28)

where

W = W (x, y, z) =
c2(x, y, z)~k2

ω2 − (c(x, y, z)~k)2
. (29)

At this point, let us briefly comment on how the involved
operators look like in the original (x, y, z, t) domain. The
easiest expression is that of the operator corresponding to
(c~k)2 which reads

−(c∇T )2 = −c
2(~ρ, z)

[

∂2

∂x2
+

∂2

∂y2

]

−c(~ρ, z)

[

∂c(~ρ, z)

∂x

∂

∂x
+

∂c(~ρ, z)

∂y

∂

∂y

]

,(30)

where

~ρ = (x, y). (31)

A little more of a problem is that the operator kz involves
the square-root of a differential operator.

We rewrite the one-way wave equations with the amplitude
correction term as follows

L±u =
[

∂

∂z
± Λ

]

u − Γu = 0, (32)

where Λ e Γ are the differential operators in the original
variables relatives to λ e γ in the frequency wave vector
domain, λ and γ being

λ = ikz =
iω

√

1 − (c(x,y,z)~k)2

ω2

, (33)

γ =
cz

2c
(1 + W (x, y, z)). (34)

A contour integration in the complex plane, yields an ex-
act representation for λ in such a way that the differential
operator does not appear inside a square-root as desired,

λ = ikz =
iω

c

{

1 −
1

π

∫ 1

−1

√

1 − s2W (x, y, z)ds

}

, (35)

ω
2

> (c~k)2.

Note that the expression ω2 − (c~k)2 can represent the
transversal two-way wave operator, i.e.,

LT ≡ LT (s; ~ρ, z, t) =
∂2

∂t2
− s

2(c∇T )2. (36)

At this point, the operators Λ and Γ can be written symbol-
ically as

Λ =
1

c

∂

∂t







I −
1

π

1
∫

−1

√

1 − s2L
−1
T (c∇T )2ds







, (37)

Γ =
cz

2c
(I + L

−1
T (1; ~ρ, z, t)(c∇T )2). (38)

After some rearrangements, and the use of an auxiliar func-
tion q that satisfies

LT q =

{

∂2

∂t2
− s

2(c∇T )2
}

q = (c∇T )2u,

z > 0, t > 0, (39)

the final expression for the one-way wave operators leads

L±u =
∂u

∂z
±

1

c

∂u

∂t
∓

1

πc

∂

∂t

∫ 1

−1

√

1 − s2 q ds +

cz

2c
[u + q(1; ~ρ, z, t)] = 0. (40)

Now, this modified one-way waves can be applied in wave
equation migration, in order to derive a true-amplitude
WEM. We begin by examining the classic WEM of Claer-
bout (1971; 1985) and then modify the equations and
boundary conditions to attain the true amplitude WEM.

The one-way waves obtained by the standard factoring is
used even in an inhomogeneous medium. Supose we han-
dle a single source experiment with the reflected wavefield
being observed at z = 0. Let D be the source wavefield
and U be the observed wavefied, and supose they are so-
lutions of















(

∂

∂z
+ Λ

)

D = 0,

D(x, y, z = 0; ω) = −δ(~x − ~xs),
~x = (x, y, z),
~xs = (xs, ys, 0),

and
{

(

∂

∂z
− Λ

)

U = 0,

U(~xs; ω) = Q(x, y; ω).
(41)
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Then, standard WEM defines the impedance or reflectivity
function as

R(x, y, z) =
1

2π

∫

U(~x; ω)

D(~x; ω)
dω. (42)

This imaging method produces a reflector map based on
the fact that constructive interference between the phases
of the two waves produces a large amplitudes exact where
the reflectors are, and destructive interference produces
small amplitudes where they are not. Unfortunately, this
method does not return accurate amplitude information. To
get true amplitude information the function R needs to be
calculated differently, using the modified one-way waves in-
stead the standard ones. Let mD and mU be the solutions
of







(

∂

∂z
+ Λ − Γ

)

mD(~x; ω) = 0,

mD(~x; ω) = −
1

2
Λ−1

δ(~x − ~xs),

and
{

(

∂

∂z
− Λ − Γ

)

mU = 0,

mU (~xs; ω) = Q(x, y; ω).
(43)

Note that, beyond modifying the differential equations ac-
cording to previous discussion, also the boundary condi-
tions for the source wavefield must be modified. The rea-
son is that the boundary value must only account for the
impulsive nature of the source in transverse direction.

Using the modified waves mD and mU function R must bo
calculated from

R(x, z, z) =
1

2π

∫

mU (~x; ω)

mD(~x; ω)
dω. (44)

To demonstrate that the modified one-way waves con-
structed here have the same leading order amplitudes as
the full wave, we will present some numerical examples.

Conclusions

The WEM in inhomogeneous media produces incorrect
amplitude information when realized using the standard
one-way wave equations. The true amplitude one-way
waves introduced by Zhang et al. (2003), produce WEM
with correct migrated amplitudes, and can be also used in
forward modeling. To give meaning to the new one-way
wave operators, pseudo-differential operator theory is nec-
essary. The true amplitude one-way waves equations pro-
vide solutions which traveltime and amplitudes agree with
the solution of the full wave equation in ray-theoretical ap-
proximation. The new one-way waves can be used to con-
struct a true amplitude WEM, by modifying the standard
process of WEM.
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