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EQUATIONS OF CONSERVATION IA\MS rN THE
INTERPLANETARY COTLISIONFREE PLASMA
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Labo¡ulorio de Aerononth y Gconognelhno,
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A two flr¡id nrorlel for ¡ colli¡ionfrcc plasnrr (ar io the c¡¡o ol the ool¡r wincl etorting
fron¡ ¡bout 0,t 

^U) 
that includcs two ncw energy equationr fo¡ thc elcctrona, which

h¡¡ heen recently introdr¡ced by one of the ¡uthorr, ir coneidered l,o derive en o<¡uiva-

lenteet of equationr, btrt now exprerre<l in conre¡vation fo¡m. Theae equations do not
only refer a¡ urr¡¡l üo rnnm, n¡ornent¡¡rn and energy, buü ¡lso to other combin¿tione
of v¡riabler. We ¡how the relation betwcen thc dilTercnt phyrical quantitier end how
lhe elcctron¡ anrl protonr are cou¡rlctl through the rnonrenüunr cquation, Finnlly, we

apply thcee rel¡tio¡¡¡ lo atu<ly tl¡e con¡t¡nte of lrrol,ion of the expan<ling eolar lluicl.

EQUAçOES PARA LEIS CONSERVATMS NO PLASMA IN-
TERPLANET.ÁRIO SEM COLISÓES - Con¡ider¡-¡c r¡¡n nro<leto de doi¡
lluidos pûra urn plasrrrn r¡refcito (rern colinöerr corno é o caso par¡ o vento solor
(ltte comaçtr e¡¡¡ tolno tlc 0,1 tlA), t¡ue inclrte rlt¡¡¡ novuq equnçõer rle energia pnra
or clétronr, reccnte¡ltentc inclr¡ítlu por un¡ tlox lutorer, c qrrc rño u¡¡¡rl¡¡ para cle-

duzi¡ um conjunto equivnlerrte rle equaçõer expreßFsa nunra forn¡¡ conservativ¿. Estas

equaçõer ¡lé¡n de ¡e ¡eferi¡ con¡o de cortu¡rre I rrrnrna, nrornento, e energia, t¡nrbén¡ o

frzem ¡ or¡t¡¡¡ co¡nbinn4õer rle v¡rióveis, Mostr¡-re o relnçño entre dife¡enter quan-
tid¡¡lu ff¡ic¡¡ e co¡no cldtrol¡r a prótonn río n<:o¡rlado¡ ent¡e ri ¡tr¡úe¡ tla equrçio
de ¡non¡ento. Fin¡lnrente aplicanr-re eetar rela4õer pÀÌ¡, o ertudo d¡s connt¡nl,ar da

movimento prra o fluido nolnr e¡n expanaðo.

I. INTRODUCTION

The Chew, Goldberger & Low (1056)equnl,ions

(CGL) are r one-fluid syetem for t,l¡e thermodynarrric
vari¡bles of the ione, thnt, are cou¡rled to ühe electrone

only through the electronlagnet¡c vnrinbles arrrl tlrey

have been wiclely used to deacril)e interpllnetrry hy-

drorrragnel,ic phenonrena.

The rnagniùude of tl¡oee variables i¡r s colli-
eionlees plasma has been re-exomined by one of t¡re
preoenl, autho¡s (Duhau'1984) and a t,wo-fluicl equa-

üion syetem in tl¡e limito in whicl¡ tl¡e Larmor raclir¡s

to me¿n free path ratio c * 0 (MllD approxima-

tion) and the electron-to-ion måsu rðtio o - 0 has

been found from the expenÉ¡on of the Vlasov equa-

tion. Since the electric chnrge scsles ås c-l it shor¡ld

be noticed that l¡oth limits do not, imply that the

elecüron mass -| 0, which would lead to a one'fluid
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Byatcnr (nec (lrarl, 1067; Dr¡l¡au, 1084). It, ha¡ been

ehown l,lr¿t, t,he flrel, order electric field contributee üo

tlrc cr¡uation of ¡notion of ions (one of the asaump-

l,iona r¡nrlerlying the CGL equatione ie that iü can

be assunlcd to bc null) and electro¡¡s with B zero or-
tler term, provitling a coupling mechani¡m between

l,he tlrer¡¡¡orlynamic v¡riables of both apeciee. To de-

ter¡¡¡i¡re tlre electronic preasure it ie necessary now

to clone tlre systcm of equatione for the¡e epeciee.

The energy eqrrntionn of the electrone mr¡st be in-

clucled in tlre equation eet snd l,o cloee thie ayetem a

eirnple mal,hematical repreeentation of the mea¡ured

quasi-sl,at ionary velocil,y distribut ion fr¡nction of thie

s¡recies (Felclmon et, nl., 1975) ie u¡erl. Finally, iü is

alrown that the heat ia mainly traneported by the

eleccrons and it is consido¡ecl, ar euggeated by the

eatellite clata, ühaü the electrone' thermal aniaotropy

ie enrall, ao that to ¡ ñrst approximation the heat,



Oqrtal,icrrr.r of (l¡l¡serv¡ tiou l,ttws
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trlrrs¡rort,ctl by l lrtr iotts ¡lrrl l ltc cltrcl,ro¡¡s' trttirol ro¡ly

nt;r] lro ltcglrrtrl,tltl,

Irr tlrc prcsetrt ¡rn¡ler l,lte o<¡ttat,iotrs of t,he lno(lcl

arc cor¡rbirrc<l to tlerive ar¡ e(lttivâlcr¡t aet of eqttntionn,

lrrrl, rrow exprcsse<l itr colt¡¡rlrvatio¡¡ ftrrl¡t. Thene ltew

e<¡rrnl,iorrs are t¡r¡rlicrl l,o fi¡¡tl tlre colrst¡¡nts of rnol,ion

of t,l¡e solnr coror¡nl ex¡rrrrsiotr,

2. TtrE TWO-FLUTD MODEL EQUATION
SET

arrrl (5) ¡rre related to t,l¡e ions' energy (tlrcy are l,he

88rr¡e as t,l¡e CGL encrgy e<¡uatiotrs), 'l'l¡e new elec-

l,rona' energ.y er¡ttRl,iotts are (6) antl (7), wlrereru (E)

rurd (0) aro Maxwell'a er¡ttationa, t,lte læt, one fo¡ a
llr¡id in t,l¡e MllD a¡r¡rroxitrrnl,io¡t, Note t,lrrt, (il) corr-

¡rltrs t,he tlrermotlynnntic vari¡rllles of electrotts at¡d

iorrs, wlrereas (7) relatm the l¡cat fl¡tx to tlre rnaS-

lrr.l,ic field, wlrich cou¡llee l,ltc elecl,rotts' atltl ions'en-
crgy et¡rrtl,iorrr ([<rr fr¡rl,lrer det¡ile on tl¡e r¡¡o<lel ¡ee

n¡r¡rcrrtlix),

3, D(¡UTVALENT SET OF EQUATIONS OF
CONSENVATION LAWS
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where

rr: llo<:l,rol¡ rrull¡bcr dclrnily,

N: ¡rrol,orr l¡r¡n¡lrcr rlettnity,

¿: io¡r nl,o¡rric lttt¡t¡llet (l in l,lre ¡lrerettl, cruse),

M: iotr urarrr,

u: bulk velocity,

D: rrngrretic fìckl,
P¡: iorr t)resslrre tcnsor,

Pn: elecl,ro¡r ptes$rrre tenaor,

/: elecl,rotr heat flux,

è=ß/B
q=ll
P¡ - P¡öi: + Pr(l- êi:)
Po=¡rl
I = irlcrrty 'Itrnror

'Ihc lirst, er¡untion is obtaincd f¡om the quasi neu-

t,rality con<lil,ion nncl the aecond rhowe the mass con-

¡ervation, Tlre equation of motion ie (3), whereas (4)

(.r+*?* r,+!zp-#) -

*o (l.r+*?*PL+lr] "+
+(p¡+p") .'*-#xB*t) =o (14)

ftttu',")* v,(Bnrl3*) =

ryrttru'è-zê''vt)
V.D=0
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-ãt *V,(tB-Du) =Q

( l6)

( l6)

( l7)



Note th¡t only (15) ha¡ a eource term. If a pro

ceñs were conaervative, Lhen / = 0 ancl all equationa

would be equal to zero.

The coneervation form of a eet of equel,ione

i¡ very uscful in various topice, as discontinuitiee

(Lynn, 196?) for example. Our aim ia to apply it
in the etudy of the coronal cxpaneion (in the colli'

¡ionfree region). Thie allow¡ us to obüain the conser-

vation of variouc physical quantitiea.

4, CORONAL EXPANSION IN THE
COLLISIONtr'REE ZONE

The coron¡l expansion ie ueually et,udied with the

aseumptionr of rphcrical aymmetry and staüionary

rtatc (in the equatorial plane). Applying tl¡e¡e con-

ditiona to the conservation eet we obtnin:

/Vu,r¡ = Ç¡ (18)
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+l

+(prr - ,ùffiun+ ffa, -u,T+
Br

- M NGME,
1¡r =Ct (23)

(24)

(26)

(26)

2t

(27)

(2e)

w
+#r=-n,pt^!tå]
rzBr=6u

r(urBr-ueB,)=Ç7

å# (t lurt"i+(Pil - 
n'tffi+

*Pr+,_#.#]).

I[-"",'-(prr - ")&-2p,.
-2Pt-ff*rWJ=o

(rruru,+ (4 - ,¡#h*
_ B,Bn )) = C,4t ')

r: holiocentric diatance,

g: azimuthal angle,

G: gravitaùional conetant,

Mc: mass of l,he sttn.

Notice that the gravil,al,iotrnl forcc has been in'
cludecl now. C¡ tlrrorrgh C7 are constants (nonde'

pcnderrt on the helioce¡rt,ric <lietance), whereas only

üwo equatione do not leacl to coneervated quantitiea:

the radial momenüurn er¡uation and Lhe eecond new

elect,ron equat,ion.

From the combinal,ion of tl¡eae et¡uationa it follow¡

the coneerv¡tion of:

m¡se rate:

P

+ )t
u¡=Cs

( l0)

(20)

(21)

(22\

M = M Nurr'

apecific angular momenüt¡m

L=
"3

12

ue-

mognetic moment:

MPt
lt= N(B? + B$¡rrt

second adiabatic invariant:

#r*l'-ffi(trit)l)î

(28)

(

¡nffit!¡=cq
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Equal,iottp of Conservdtìon Laws
,),)

total energy per proton masa: 6. APPENDIX

The following e<¡uation of motion fo¡ t,he elec-

l,rone, which coincides with the Ol¡m'e laws fo¡ t,hi¡

¡rlaatna (aee e.g. Grod 1967), has been derived by

Duhau (198a):+h(w+n) +

, ue (Pll - Pr) B,Bv Bl
'v--ÑEIT@-îm

Br---
(B?+ Dl)tt,

JxB+-
c

magnetic flux :

F=r28, (32)

C7 ia not a new independerrt conseryated quantity,

becauae it ie relal,ed to Ct as (eee e.g, Weber and

Davis, 1067);

(:7 - -Q(:6

O: angulnr velocity o[ l,l¡e su¡¡,

6. CONCLUSIONS

(33 )

Tlre ¡rrenent n¡rproach lencls u¡¡ to l,lrc following
consiclernl,iolla:

l) Â rct of f) coupletl rliflerenti¿lequa[ione may be

retlucetl to two couple<l dille¡ential ancl seven alge-

braic ec¡rrntionr, rlrre to the fact that they hnve been

written in conserval,ion for¡n.

2) Every algebraic equation is related to a con-

atanl, of mot,ion, eo the valuo of thaü phyaical quan-

t,ity may l¡e n¡ea¡ured at the moet, convenient die-

tnnce. llelioe particle an<l magnetic field observa.

tiona between 0,3 and I AU wore ueed by Ma¡sch

end Richter'(1084) to determine plarma parametere

th¡t characterize the aolar wind and which yield ob-

eervat,ional conetrainta on tl¡eo¡etical lh¡icl moclele for
t,he coronal expaneion. The ln¡ws rate, specific angu-

lar momentum, total energy por proton rnass of the

eolar wind ancl the mngnetic flux, oxpccted to be con-

served in a time-¡tationary llow with local epherical

eymmetry in the ecliptic ¡rlnne, aro actually found to
be invariant within messurement uncertainùie¡.

(34)

where e ie l,he electrorr chnrge, ^E the elcctric field in
the reference eyatem moving with the bulk velocil,y

u, c the epeed of liglrt, antl J the electric current,
llom t,hie equation iL may be found thal,:

-Jr = åo.t" xè-ryv xê+nnr¡(36)

Regarding Maxwell 'e equationa, (8) and (9) are
(ìaus¡'law for the nragnctic field and the Faraday-

llenry law reapect,ively. Tlre Anrpere-Maxwell law

in the MIID approximation, where t,he clinplacemenü

current is negligible, l¡a¡ bcen r¡eed io derive the right
hancl side of er¡untiott (3). To find J¡¡ we ¡¡u¡st com-

bine t,l¡e renraining of Mnxwell'e cqual,iolre, Cl¿r¡se'

law for the electric field, with tlre co¡rl,inr¡ity eqrrot,ion

for p and J, where p is the rnase densil,y. 'l'aking into
accor¡nt t,hat, the dis¡rlacement current in negligible it
follows that,

V.J=0 (30)

Tl¡erefortr

v.P"='"("-Y)

# = -Vr .Jr

+

- 
urÛrB,
u,4ÍlM N

^Mc- (¡-r (31)+Í M Nu,

(37)

whcre ô/d¡¡ me&no to üake the apatial derivative along
B.

Equatione (429,30) give j as a function of Ë end

plasme paremetero. There ie not ¡ linear relationship
between both.

Notice also that (7) replacee ühe cla¡sical heet con-

ducüion law f = -l(VT, I( - T612, which ie ueed

under the aseumption thnü the plasma ie collision
domi¡rated. This con<lit,ion cerüainly breake down in
the aolar wind fronr sorne heliocentric disüance on.

As required by the obse¡vationa (eee e.g. Feldman

et al., 1978), ühe new equation does nol, imply any a

priori relationship between the direction of t,he heat

flux and the temperature gradient,.
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