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Sine and cosine transforms ere very important in electrical and elec-
trornagnetic methods.They arc used, for instance, for computing
two-diincnsior¡nl Creen fuitctio¡¡s in layered-earth rnodels and for
transforming electromagnetic responses from frequency to time do-
mains. Curíently, the Sest way [o compute sine and cosine trans-
forms in electricai geophysics is to em¡iloy the digital linear filter
algorithm. Until reiently, these filters hacl an excèssive number of
coifÊcients, which *.r rïrowback for many applications. Recentf,
an optimizecl digital filter for sinc transforrn with only 20 coeflì-
cienti has appeaied in the liüerature. In many lpplications the co-

sine transfoirir is as important as the sine transform, so' we present
here an optimized digilal fìlter for the cósine transform, which has

onlv 19 côefñcients. [ike the sine transform filter, it was generated
bv ihe Wiener-l{opf minimization process via Guptasarma trial and
eiror strategy. Its'performance haä been exhaustlvely testcd. It al'
ways yields'fiood rósults, as tl¡e examples illustrated in this paper.

UM FILTRO DTGITAL OTIMIZADO PARA A TRANSFORMADA CO-

SENO As translormadas seno e co-seno são tttuilo -irrtportantes nos
métodos elétriios e elelromagnétícos' Elas sã,o usadas, ¡tor eaemplo,
para cølcular funções tle Gl'een bidimensionais de rneios estralifi-
'cad,os e pam trnnslormar rc.spostas elelront'agtté,ticas d,o. tlomínio d'a

lreqüêniia par.n o dornínio do tempo. Atual¡¡ter¿te, o.melhor maneirø-d,e'com,pular 
transtottnadas seno e co-seno, ¡to.s mélotlos elétricos e

eletromagttéticos, 
-é 

atraué-s tlo algorilt¡to dos tiltros linearcs digitaís,
Até rcceñ,tentent'e, esses tillros iottthtltan¿ uitt ntímero excessiuo de

coeli,cientes, o que constituía um-o grande llesuantagem em rnuilas
apíicações.' I|ecenternente, unt f'ltitt otimizado, para h'ønsfor¡noda
seno, con't, apenos 90 coeficientes, toi publicødo na lìleratum. Con'
sid,eiando qu, ,^ n¿uitas aplicações à trunslormada co-seno é' tã'o

intpot.tanle- quønto a trønstormutla suto, aprasenlamo_s, neste tl'
ba[ho, u¡n liltro linear oliinizatlo coùt apu¿as l0 coeficientes para
essa'trans!-ormada. A exenqtlo tlo liltro paryt a trcnstorntadg yVo,
este tarnbérn foi obtido atraaés tlo tné,todo tlos mínimos_quadrdlicos
d,e Wiener-Ilopl junto coftù o esquento de otirnizaçã,o tle Gulttasorma.
Dte loi emustiiamenle testado, a1n'esenlando sempre bons resulla'
d,os,- como mostram os eremplos ilush'ailos neste ailígo.
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Atr Optimizcd Digital Filtcr for the Cosine.ft¿nsfor¡l

INTRODUCTION

For¡ricr rntl IIankel tra¡¡sforms are widely uaed

in electrical ¿nd electro¡nagrretic mel,hodg. 'l.l¡eir

¡rur¡¡erical cornputations were exl,remcly troublesorne

before the i¡rtroduction of the digital lirrear filter algo-

rithm by Gl¡osh in lg7l. Since then, there hac bee¡¡ a

co¡rtinuous progrcss üoword better algoritlrrrs (I(oe-

focd et al,, 1972; Dtu a¡¡rl Ghosl¡ lg74; Verrrra,lgTT;
I(ocfoed and Dirks, l97g; Johnnsc¡r and Sorerrscn,

1079; Âr¡dcrson, lg79; Guptnsnrnra, lg82; Niesc¡r and

Enmark, 1980, O'Ncill, 1975; Vernrn arrd l(oefoed,

le73).

'l'he digital linear fìltcr algorithrn ie based o¡¡ [he

tra¡rslor¡¡r¡rtion of the Fourier (or Itankcl) transfor¡n

i¡¡to a convolution inl,egral (l(unctz, 1006). The fun-

da¡nental cont,ribution by Cìhoslr (lgZl ) was to device

a aimplc schcrne, ba.sed on oarn¡lling thcory, fo¡ co¡n-

puting rrrrrrrcrically ¡ucl¡ cor¡volul,ion tlrrough digital
linenr filter. Meanwlrile, in lg?9, I(oefocd and Dirks
propoeed a ncw gcl¡e¡ne, bascd o¡¡ tl¡e Wiener-llopf
least-aquared technique, for designing li¡¡car fìlte¡ fo¡
the ll¡rnkcl tr¡nsform in a r¡¡uch easier ¿¡rd n¡ore ef-

fìcient, ¡nanner thalr tlr¿t uscd by Gl¡osh. In lg82,

Guptararrna ilnplcnrerrtcd a sl,rrtcgy to irrrprove the

rncùhod of Kocfoed and Dirks and gave Borne Blrort,

opt,inrized filtcr for llankcl tr¿¡¡slorrr¡.

Using Guptnsar¡r¡a scl¡enrc, Nimc,n and Dlrnark
(1086) const,ructcd on opl,irrrizcd sl¡ort, filtcr for t,l¡e

sine trrnsfor¡r¡ witlr orrly 20 coeflìcients, Moreover,

l,hey arrggcated tl¡nt l,he cosine translornr

quently applied. For tl¡is rcas¡on, ùhey publiahed only
l,hc fflter for tl¡e eine translor¡r¡,

U¡¡fortun¿tely, in the rnosl, irnportorrt problemr

in the elecirical and electromagnel,ic rrrct,ho<lu, the

Kernel function /(Èr) in (l) ie known only at vcry

few diecrete po¡nts. l'herefore it is not, practicat to
use (2), due to the difficultics in h¿ndling nurrrcrical

derivatives of a diacrete function. For t,l¡is reason, it,

ie important to have, also, digital lincar fitters for the

cos¡ne traneform.

In 1979, Anderson reported two digital linear
filters for the sine and cosine trangfor¡r¡s computed

by the Ghosh meühods. Dcspitc l,heir high preci-

sion, they have too many coeflicientea, wlrich are an

enormous l¡ind¡ance fo¡ co¡ine transforrrring of Kcrncl
functions generated by coatly nu¡¡¡erical algorittrrna

like finil,e elements and intcgrrl equation. Tlrir hap-

pene, for instance, when trangfornring EM tlat¿ of 2D
and 3D rnodels from fiequency to tirne domains.

The aim of thig paper is to prescrrt an opl,irrrized

digite¡ linear fllter for tl¡e cosine l,r¿ursfor¡n with a

srn¿ll number of coefñcicnts, It wru calculetcd by

the Wiener.Hopf least-squared techrrique with Gup-
tasa¡rr¡a etrategy like Nissen and E¡l¡nark sine tr¿n¡-
form filter.

THE DIGITAL FILTER FOR THE COSINE
TRANSFORM

With a simple tr¿nsfornration of variablee, the

irrtegral (l) can be replaced by

/æ
/t(") - I I$")cos(ß,a)dß¡,

Jo

bc rcw¡itten i¡r tl¡e forrn

(l)

I,-
-tIt(z) = J l'(k,)sin(ß"r)d,t,, (2)

a¡rd t,hat l,he sir¡e trur¡slor¡n digitul filte¡. lle uubse-

Ileaisls Brasilcira de Gcofísica, Vol. I0(p)

îærF(x)= | lG,/t)coe(rt,)då¡. (g)
Jo

Now, eubstituting r for ep and &" for e, we ob-

t¿in the convolutio¡¡ integral

fæ
xF(x) = | fþ-b-tl¡rt con(e,)dc, (4)

J-æ

where /(c-(P-,)) snd tlr(x) nrc, rcspcctivcly, the

input and output functior¡s and e, cos(er) the fllcr
lunctìot Following Gupta.rarn're (lgS2), our objec-
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tive ic to approximaüe the integrel (a) bV the discrete

convolution,

N

uF(x)= !/{o-{lnr-(ø¡}(n-l)?'))w,, +€, (6)

Tnble l. Abaciseæ and cocflìcionts of the ftlter.

where e is the error due to the discrete approxintu-

tion, 1b obtain the filter coellicients l7r, we used the

Wiener-llopf least-squared method described by Koe'

foed ¿nd Dirks (1979), improved by ühe trial and enor

schemc proposed by Guptasarma (1982). The details

¡re not, given here because they are well-explained in

tlre original papers.

'lb consürr¡ct, t,he filter we have used t,he followitrg

fu ncLio¡¡s

/(È,) = ßle-oÈ' (6)

and

No. Abscisssr Coeflicientr 1,7.

2

3

4

6

6

7

I
9

t0
ll
t2
l3
l4
l5
t0
17

l8
t9

-6.00
-5.52
-5.04
-4.66
-{.08
-3.60
-3.12
-2.84
-2.¡6
- 1.68

- 1.20

-0.72
-0.24

0.24
0.72
l-20
1.68

2, l6
2.64

0.6213729 D - 02

-0.?1061009 - 02

0.1392100D - 0l
-0.6513420t - 02

0.17389638 - 0l
0.ó17E8008 - 02

0.2820408.8 - 0l
0.27305408 - 0l
0.626{E6lD - 0l
0.7816871D - 0l
0.15169868 + 00

0.18627{20 + 00

0.2976õl9f + 00

0. t323330t + 00

-0.3889732D + 00

-0.16401980 + 0l
0.1373593¿ + 0l

-0.39140540 + 00

0.5267562ð - 0l

n=l

(7)

and for monitoring the error in the Guptantrmt

echeme, we epplied the expression

rerult,ing in a¡ = 6,0 for the fìrst ¡bsciesa and ? =
0,48 for ühe absciesa incement. With l,hese valucs for

o¡ and I in (6), the Wiener'llopf lcast'equared cri'

terion gener¡tea the filter coeflicient¡ el¡own in Table

L

APPLICATION O[' THE FILTER

To illuaürate l,he performance of the lìltcr given

in Table I we select,ed eix typical examples of cosine

tr¿nsforms frequently found in elect,rical Seophysice'

Electrical ffeld in frequoncy domain on a half'

Epace

lo* 
u-ur',con(å,r)d,t" = for-""loo' , (B) or(:r:,0,ø) = + lro" #,coe(/,'e)dl,'' 

(9)

Our lirsü exanrple de¡ls with the electrical ffeld

of an i¡¡fi¡¡ite linc-source of currcnt (l=24) oriented

in t,lre y-directio¡¡ o¡¡ the surface of ¿ conductive half'

spoce. Using tlre qua.si-al,atic approximation, the

fìeltl, in thc frequency dotttain, ie expreased by (Ward

& llohr¡rann, l9E8)

wl¡ere u = (ß3 + iupso)tlz is ttre propagaüion con-

sl,ant, irr the holf-spac€, l0 = 4-l-l}-T H/m the vac-

uurr¡ pcnne&bility and u = 2rf the current angular

frequency. In this particular case, the integral (9) ha¡

l,lre ec¡uivalent closed fortn expreaaion

Dr(n,o,u) = 
jffidl - ilcxl(t (iÈr)1, (lo)

where /{r ie the ¡r¡odifìed Beeeel funcüion of ñret or-

der and second kind and þz = -íwpsa ie ühe wavo-

nur¡¡ber of the half-space (Ward & tlohmann, 1988).

Fig. I ghows the electrical field reeponee ve¡sus fie
quency, ac 100 rn frorr¡ tl¡c line-eource on o l0 Om

za(az - }tz)
xI,rE) = 74;ry-'

Reaislø Bmsileiru dc Gcofísica, Vol' l0(2)
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half-upace, conrputed using (5) witlr tlre lg coefli_

cicnt filter, compnred to the exact colut,ion (10). Ta_

ble 2 ehowa t,hc correaponding numerical valrrce. The
egreement ia very good.

Eloctrical fleld in time donrnin on n hulf-epaco

Using the previoue model, let us cslculol,e the
transic¡rt teeponse due to a ncgotive stcp curreni.
Tl¡is can be accomplished by performing the invcree

Fourier l,ranaform of (9). Exploring t,he eyrnrnctry
propertiee of l,he Fourier tr¿nsform (papoulis, l962)
we can write

Ân Optirnizetl Digit,nl Filter for the Cosine'ftansforrr¡

withi¡r a lralf-s¡lace due üo ¡ lirrc ol currcnt on thc
surface. The negative sl,ep rcsponse at a point (r,z)
within thc earth is givcrr by

, = [J!* fficos(È,r¡ar,]
ey(e,0, t) = $ /o* S¡ cos(øt)do, ( l3)

, = ltr çþ"or(ß"o)at"]
er(e,0, t) = þl [f, tAcoc(ut)dw

wl¡ich is equivalcnt to (Orist,aglio, lg82)

2g2 r2r-ct12
n2-,2,'+ ler!c(l2) - "-""f
-2þ.-c',",fr"

f' - r,," ('- ,i) Fpùl

cr(r, o, r) = *r {A + B - c(D)} , (14)

where 0 - o¡tslùt, The funcüione crfc(c) and .F(e)
are, rerpectively, ühc complementaÌy erro¡ function
and thc Dalson function. Fig. 3 ol¡ows the ür¡nsient
electrical fleld at the dept,h of 120 m and 85 m f¡om
the line witl¡in a 100 Oln lralf-apace, compuüed uoing

(13) with the lg filüer convoh¡tion and the fìcld cal-

culated fronl the closed forr¡¡ (14). 'I'he agreement ir
excellent.

Two-dimensional Green fu¡rcüion of a two-
layored earth

In ühe fìrsü example, the line an<l the obscrvation
point were both on the eurface. ln the second, l,he ob-

aervation point was located within the earth, whereac

tl¡e line was maintained on the eurface. Now, let ua

locate both of them below ühe eurface as ahown in
Fig. 4. 1'his is known a¡ two-di¡nensio¡¡al Green func-
tion prolrlem and it io commonly used in 2-D inüegrel

equation modclling.

The Green function Gþ,V;zt,yl) ú the second

layer of a two-layered earth, with the quasi-staüic ap-

proximation, ie expreosed by

(l r)

A=
B=

C=

D=

Note that we have now two independent cosine

transforme. 'l'herefore, we need üo use the digitel ñtter
twice. Thia process can bo carried out efficiently by
exploring the convolution properüiee of (6). Aa in the
previous case, the expression (ll) has an equivalent
closod form given by

er(r,0,r) = '{11- c-c'"'.¡.t¡oxl,' - tt (12)

where d = (oys/4t)t12. lù is irnportant to emplra-

rizc tlral,, in general, closed fornr expressions are not
alwrya av¡rilal¡le. Uruolly l,hc fìelcl is expressed in in-
tegral fornr. 'l'hus, lravirrg eflcielrt nu¡¡rerical intcgra-
tion algoritlrrns is nlways nccessary. Fig, 2 comparca

the resr¡lt,e using thc l9 filter convolution ¿nd the ex-

act eolution. Tlre agreentcnt is also perfcct.

Dlectrical fiold i¡¡ tir¡rc <Ior¡r¡¡in witl¡i¡r a hnlf-
Epac€

Conrpul,ation of clectrical fields wil,l¡i¡r a layered-

earth hosl, is a ¡¡eceas¡ry etep toward the flnite el-

ement meühod calcr¡lation of electrical lìetd.s due to
two-dimcneional inhomogeneitiee. Thua, our next ex-

ample ia to comprrte the tr¡neicnt etectrical lìelde

Rcaista [l'nasileiru de Ceofísico, VoL I0(2)
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Figuro 1. Exact and nunrcricûl solutione of the electrical field, in the frequency domain, at 100 m from a lino
source on a l0 O m half-epace.

Soluçõcs etalø e aproúmada do campo clé,lrico, no domlnio da f'ruqüência, ø 100 m de uma linha de cornale (l
A) na npeficie de um seni-espaço de I0 Q n,
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Figure 3. Exact and numeric¿l soluüions of tl¡e transient electrical fìeld at 120 m frorn a line source a¡r<l at the
deflth of 85 m in ¡ l0 O m half-epace,

Soluçõct etala c aproúmada do compo elé,lrico hwtsìenl¿ d /,20 m de ama linhø dc corrcnlc (l A) e d 85
m dc pmlundidødc ¡um ¡cmd-cspaço dc I0 Q m.
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Trrblo 2. Nrrr¡rcr.ic¡¡l vulrrr,'s of thc clcctricul ficl<l Ily(r,0,u)

G(r,y;s',v') = # J;* [eu,l.-,'l I lh,¡¡e'tt,(t+t'tf

fr cos[t'"(r - xt)ldk, (16)

of a lirre-sor¡rcc ¡e!,poulre rvitl¡ n pl¿¡nsr C¿ussian die-

t,ril¡u[iou of currcnt, I(r1¡) = o-tf,lztl (peltier and

llcr¡nor¡ce, l97l; Note arrd llijo, lg0l). After per-

[<rrrrrirrg tlrnt cc¡¡¡volrrtiorr, l,lre corrrponenl,s of thc fìcld
¿rrc

whcre

Rrp = ct",d,

(t6)

Duþ,rJ,w)=#ff

[ ## "-*t "/?] cos(&, e)rl&" (17)

is the rcflection coefficic¡¡l,s a¡rd rr¡ = (ß¡ - iw¡ho)l12
ie the propagation co¡¡el,ant, in tlrc lnycre j=1,2 (lìijo,
1990). FiS. 6 sl¡ows tlre real lrrrl irrragirrary partc

of l,hc 2-D Greel¡ fr¡¡¡cl,ion conr¡rul,od witl¡ <¡r¡r sl¡ol't,

fìlter and Ander¡¡o¡r's fìltcr (lgZ5).

ar¡tl

llr(t,l),u) = # ff
Influonco of thc G¡russinn clcctr.ojot r¡r¡ ül¡e MT
responr€

Tl¡e electrical n¡¡d rrrrgrrcl,ic fìclds o¡¡ l,l¡e r¡ur-

face of an horrrogerreor¡s carüh aubjccüed to ¡ (ìnus-

aian elecl,rojet are easily sirrrrrl¡rtod by ttre cc¡l¡volution

[,ffi'-*:"r'¡ coa(&,a)rlÈ", (18)

wltere lrs is tlre heiglrt of the Clnr¡sainrr electrojet and

¡ its str¡r¡cla¡'cl deviatio¡¡.We r¡se<l tlresc ox¡lrension¡ lor

cornputing t,l¡e surfocc irrr¡reclalrce Z - -Erf Hn and

subsequently the rrragrretotelIuric np¡rarerrt rcriat,iviüy.

!'req. (llz) Nurr¡
Rc¡l

)
I rrraginary

llxact (V/rn)
Re¡l I rnagirrlry

0.0 t 00
0.0 t 7E

0.0316
0.0562
0. I 000
0. I 77E

0.3102
0,5623
1.0000
t.7783
3. I 623
5.6234

10.0000
t7.1828
3 ¡.6228
56.234 I

I 00.0000
177.8279
3t6.2278
562.34 I 3

1000.0000

-0.8583ø - 08

-0,1587f.' - 07

-0.288t ¡,', . rt7

-0,523ü¿ - 07

-t).9462 t - 07

-0, r698f - 06

-0.304t/t-06
-0,5438¿'- 00

-0.0002Ë - 06

-0.t7248 - 03

-0.3050D - 05

-0.5404/t - 05

-0,9500¿', - 05

-0.1658¿ - 04

-0,28570 - 04

-0.48391' - 04

-0.7986ã - 04

-0. t268D - 03

-0.1001.0 - 03

-0,26350 - 03

-0.it280¿'- 03

-0,0õ85¿' - 07

-o.ililD-00
-0.t8000 - 06

-0.3 t33f - 06

-0.1'22'¿lt - 0g

-0,E660¿' - 00

-0.t428 t, - tJt,

-0.2340r - 05

-0.3804ft - 06

-0.0t29f - 05

-0.9766¿' - fJS

-0. t530¿ - 04

-tJ.237lrlt - 04

-0.35950 - 04

-0.s29t E - 04

-0.7t04 E - tJ|

-0.roil f - 03

-0. t 266 /r' - 03

-0.142õð - 03

-0,t364¿ - 03

-0,9960ri - 04

-0,6709 -07
-0.1?55¿' - 08

-0.3¡20t - 07

-0.!r$488 - 07

-0.9863ð' - 07

-0.1763t - 00

-0.3116¿'- 06

-0.5534t - 00

-0.e823¿i - 00

-0.¡741f - 05

-0.30Et ¿' - 05

-0.5435tr - 0l¡

-0.9542ø - 05

-0,1663¿'- 04

-0.286õ¿' - 04

-0,4E50D - 04

-0.79980 - 04

-0.t260f - 03

-0. 1004 /r' - 03

-0.2638/t - 0S

-0.3282¿' - 03

-0.t t29E - 06

-0.r893/t - 06

-0.3 t 63 /' - 00

-0,5?03ã - 06

-0.87t6E',- 06

-0. t436f - 06

-0.2350ð - 05

-0,38t78 - 05

-0,6r46f - 05

-0.0789r - 05

-0.1539¿' - 04

-0.2375It - 04

-0,3600¿' - 04

-0.f¡209å - 04

-o.?il3¿'- 04

-0.t0tzf - 03

-0.1208¿' - 03

-0,t4280 - 03

-0. I 366 ¿' - 03

-0.9998ã - 04

-0.9

Reuicta Brasilei¡"u de. Geolísicu, l\tl. t0(2)
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Figure õ. 2-D Green funcl,ion calculatcd witl¡ ül¡e l0 coofllcisnü fllter and with 
^ndcsot¡'¡ 

flltcr (1076).

F\nçõo de G"r,lrn 2-D do ntodclo da Figan I compaladø com oE fillmt dc l0 coetôeienlcs e de Andc¡oo¡ (tgfÐ.
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'l'he curves of npparenl, resisl,ivity arrtl phase of

ühe irrrpedar¡ce dt¡e to an l0 llm hotrrogeneot¡s ea¡'tl¡

c¡cr¡¡izcd by a Gaussian elcctrojct, witlr st¡urdard dc-

viation c =240 kln loc¿¡tcd at lto = Il0 km above the

aurfacc, arc illust,retcd in ['ig. 0, 'l'hcsc curvee wcro

compul,ed with our sl¡ort filter and with Andcreon's

fìlter'

Tla¡rsio¡rt rosponse of a cottt¡rlox rr¡odcl

Thc exanrplcs discussed so fnr do not show l,l¡e

acûrrnl atlvarrtrgc of cnrploying ¿r sltort liltcr for per-

forrnirrg ülre co¡i¡re tra¡rsfor¡¡r, 'l'lre tcnl bcnefìt ap-

pears wlren we ¡¡ecd l,o ¡nodcl a complex earth lly

¡¡ur¡¡crical tccltnir¡ucn, st¡ch ¡us liltit,e elen¡et¡ts and i¡¡-

tegral cquntion, I\lost o[ l,lre C]l'U tinte usecl by the

inl,egrnl cqual,iotr nlgorit,hrn is dt¡e to lltc enornrous

quant,ity of Grecrt frtncl,iot¡ cotttpul,atiolts.'fhere-

forc, il, is crucinl l,o h¡rve nrr cflicie¡rt, algorithnr for

cosir¡c trar¡sforrrr Lo irrr¡rlenrcrrt, cost-efTective 2-D in-

Lcgral cr¡untion ¡¡rotlclling. Ârrotlrt'r irrr¡rort,ltrt sil,u-

al,iorr, coruruonly fourrcl irr prlctice is l,l¡e cnlculal,io¡¡

of tr¿rlrsic¡rt re$l)or¡scs of corrr¡rlcx e¿rtlr l¡¡oclels. lt,

is well-k¡rowrr (Pnpoulis, 1962) tlrnt tlrc tirrrc dorr¡¿ri¡r

response ia givcrr lly l,he cosine l,rnlrsfor¡rr,

whcre l,he elccl,ricrrl fìcld /1, irr tlrc frc<¡utlrcy dottrititt

is corn¡rutctl by lirritc elr:¡.¡lcr¡t, or itrl,cgrll e<¡rtll,iotr

tcchniqur:s, wlrich cl<l¡nurrd a lrlr¡1c a¡uoutrt of cor¡r-

put,cr l,irrrc. 'l'l¡c tr¡ursie¡rl. rcs¡)or¡r¡c sl¡orvr¡ irr Fig. 7

(lìrochldo, 1900) were corn¡rul,cd using l0 frcquettcy

donrain fìnile elerrrer¡t solr¡tio¡rs agairrsü 07 solr¡tions

with Ândcrson's filter.

CONCLUSION
Discrcl,e sir¡c ¿r¡¡d cosi¡re tr¡r¡rsfor¡r¡s rrc fu¡¡<lt-

mental tools in elect,rical geo¡rlrysics. Nissc¡r tnd lir¡-
nrark(1980) usetl Guptassr¡¡r¿ stral,egy to corrstrucl,

er(r,0, q = +/*s[ø'(3'0'c'r)] cos(ol)¿u.', (20) RDFEnENCES

t7

an optitnized digitel filter for tl¡e si¡¡c lranslorm which

has provcd very uscful. Beceuse a sirrrilar fill,er for t,he

cosi¡re tra¡rsform was not available, wc dccidcd to de-

sign one having ühe sa¡le characteristics of thc eine

tra¡¡sfor¡r¡. To accomplish thie, we also used Gup-

tasar¡r¡a scherrre, wl¡ich resultecl in an optirrrized lin-

ear digitrl fìlter with l9 coeflìcie¡¡te. Âe the examplee

given lrere chow, tho filter performs in a vcry ¡etisfac-

tory way, Sl¡ort linear digital lìlters ere very impor-

tant in the prc and post-proceasing phasee of numer-

ical modelling, aa for instonce, 2-D Grcen funcüion

conrputationa and transformation of EM responses

frorn frequency to time clonrnins. Howcver, tlre most

irrrportant application of a short fìltu ia for synthe-

sizing two-dirnensional apectral soluüions cornputed

nurrrcrically by the fì¡rite ele¡¡rent or iuLegral equation

¡¡rethods [o restore tlre fìtrnl 2D-3D (two-dirrrcnsional

earth witl¡ tÌ¡ree dimensio¡¡al source) solution (Rijo,

leoo).
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