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A new computation of the collisional transfer rates for Maxwell molecules
type interactions is presented. The relevance of the present cornputation is
thàt an approximated analiticalexpression is proposed to substitute and invert
the infinitè series relatirrg the apsidal angle to tlre irnpact pararneter. This allow
us to use more refined computer methods to cornpute the transfer irrtegrals. A
cornparison with the old results is performed and conclusions are drawn as to
tlre relevance of the discrepancies.
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SOBRE UM NOVO CÁLCULO DAS TAXAS DE TRANSFERÊI'¡CIN
colrsroNArs PARA INTERAÇÕES DO TIPO MOLÉCUIAS DE MAXWELL
Apresenta-se unl novo cálculo de taxas de transferência colisionais para interaçõe,s
do tipo moléculas de Maxwell. Propõe-se uma expressão analítica aproximada
para substituir e inverter a série infinita que relaciona o ângulo apsidal ao
-parâmetro 

de impacto. Isto perntite o uso de métodos computacionais mais refi-
nados para calcular as integrais de lransferência. Faz-se a comparação com os
resultados anligos e sãofeitos contentários acerca da relevância das discrepânci-
as encontradas entre os cálculosfeitos nesle trabalho e o anterior.
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INTRODUCTION

The collisional transfer rates can be expressed as

s ¡ = 2nÏ[ - f-tY cosr (zo)]sdr,
0

(l)

(Burgers, 1969; Chapman & Cowling,l970), where 0 is the

angle which the relative velocity of the colliding particles

makes with the apse line and s is the impact parameter (see

Chapman & Cowling, 1970)

To solve Eq. ( l) it is necessary to know a relationship

establishing the dependence of 0 on ,ç. This is possible

provided that one knows the particular law governing the

binary collision. Of special interest is the case of the inverse

power law, for which the potential energy for the two

interacting particles is given by:

U(x): K/x" (2)

where K is a constant and x is the radial distance between

the particles. If we call w the relative velocity we finally get

(Liboff, 1969):

r=rÏ[ -s2 tx'f-zu(x¡r(ur'['/ (3)
.lo

where xo satisfies

1 -s2 I x o2 
: ZU (x )l (ltw' )

and 7r stands for the reduced mass of the two colliding

particles. Integration of Eq. (3) yields the desired relation

between dand s.

The case n : 4 merits special attention in upper

atmosphere studies. Molecules that interact under this law

are called Maxwell molecules (see Chapman & Cowling

(1970) and references therein). For these molecules the

transfer rates depends on w-r and the final Boltzmann

collision term results independent of the particular velocity

distribution function governing the microscopic behavior of
the gas particles. Ion-neutral interactions in the upper

atnrosphere can be plopelly desclibed by this case (Schunk,

1975, 1977; Barakat & Schunk, 1982) and this plenty

justifies a renewed interest on it.

In this work we undertake the computation of the

collisional transfer rates for Maxwell molecules interactions

using more advanced computational techniques than the

earlier works reported by Burgers ( 1969) and Chapman &
Cowling ( 1970).

C OMPUTATIONAL PROCEDURBS

The solution of Eq. (3) is presented in the appendix

and according to Eq. (A-10) one can write:

á: f,(bx,(b): f(b), (4)

where b depends on s as expressed by Eq. (A-2), the function

f , (b) is given by

bJ'

Coll isional'l'ransler Rates

with

q (b) = a,r{[ - (ttzfr, * (11r )'r,, -

-(]]¿; 

"' 

" . ( -lll¿;' h' - 
I

f, (b) =

[u, 
*(uo ++)rzlt2

and f, (b) encloses the result ofthe elliptic integral as:

(7)

Since b has an infinite range in Eq. (l) it is better to

express it as a function of 0 to compute the transfer integrals.

To do this we plotted in Fig. I the relation established by

Eq. (4) and tried to invert it using simple functional relations.

Our guideline to try a prospective analytical expression to

invert and reproduce Eq (4) was the limiting behavior of b
: f-r (d)for 9-+ 0 and 0-+ tr 12 (see Cercignani, 1988). The

fitting rnethodology was the nonlinear Ieast square fitting.

Thus we arrived at the function:

. _ (oo ++)t2 -øz
" -(o*)D;d

o-(rtz- oln",on, _e trc
\ n12 )

(s)

(6)
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that is also plotted in Fig. l, fbr cornparison

(8)
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Figurc I -'l'hc invcltcd lìnction b(0) (solid linc) and
its aproxinration givcn by thc analitic cxprcssion
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Thc diso'epancy bctrvecn thc pr.esent rcsults and those
publishcd earlier is less than 5%o and appears fbr S,. As l-or

S. thc agreenrent is surprisingly good being olthe order of
0.-57o. Earlicr contputations (sec ref'erences in Chapnran &
Cowling ( 1970)) rvere carricd our bcfbre I 930 bcing dif licult
to rctrieve. -lhus thcy clid not havc the now availablc
contputcr lacilities to propcrly invcrt Eq. (4). Using Gat¡ssian

nunlcrical integlation lncthods to handlc thc infìnite linlit in

Irq.(l) they rvcrc probably nrorc sub.jcct to crrors than thc
prcsent con.ìputatiolt.'fhis suggests that thc carlier.value of
S, could bc over- cstinlated in 40á. Anyway, this discrepancy

is not rclevant. Much ntorc inlportant is the use of thc correct

valuc of'K, sincc it dcpcnds on thc actr¡al fbrnr of U(x).'flris
valuc is givcn by:

l0

<b

p

0.1

0.01

r12 -0
n12

0 0 0.4 0.6 l. 1,4 I

)" 

t',nno 
-ft tanrn.d rinc)

K=ac:/2

y: s/x ,

( ls)

(A.l)

Itigura I - lt'unç[io ittvertidu h(0) (linhu cott!ítntu) c

.strtr ct¡troxintução dudu palu ex¡tre.s.sãtt unulíIicu

ln12-ol"'tt o

l'" la ) 
tnn0 - - (litrlttt trtrt't'itrtlu)

Using llqs. (l) and (8) togethcr rvith thc lìonrbcrg
nunlcrical integration rncthod wc gct:

S, : 2nrv r(21(/¡r)r ')0.5112, (9)

S, : 2nrv r(2Kl¡-t)r/r0.(r l9(r. ( l0)

DTSCUSSION

In order to contparc thc otrtaincd rcsults rvith thosc of
carlier publications olte nlust rccall that thc constadt K of
thc present work is f'or¡r tilnes snlaller than that olClrapntan
& Corvling (1970). -l'hcrcf'orc, K : Kr,/4, rvhcrc K,. is rhe

corlstant uscd in this last rvork. Rcplacing this valuc in Eqs.

9 and I 0 one gcts:

S,:2nw r(K,,/¡r)rrr0.4039, (ll)

rvhcrc o( is thc ato¡nic ¡lolarizability olthc ncutral gas (llanks,

r 966).

CONCLUSION

'l-hc collisional transfèr ratcs fbr Maxrvcll nlolcculcs

intcractions wcrc colllputcd and thc obtained results

conf irnrcd thc carlicr valucs published by Clrapnran &
Corvling (1970). Attcntion rvas callcd, howcvcr, as to thc

irl¡rortancc of'lhc actual fbrrn cnrployed fbr thc ¡rotcntial
cncrgy (see lìq.2) to thc fìnal rcsult.'l-hc fbrnl used in this

rvork is consistcnt rvith that ol'Banks ( 1966) lì.onl rvlrich thc

corlstant K can bc obtaincd f'or the nlost collulolt ion neutral

intcractions in thc uppcr atnrosphcre.

APPENDIX

A IIELATION INVOLVING THE IMPACT
PAIIAMBTER AND TI{B APSB ANGLB

In this appendix wc prcsent the conrputation of the in-

{cgral ol Eq. (3) nccessary to cstablish the f'ornlal rclation

bctrvccn 0 and s. To start rvith we dcfìne new variables as:

at'c

S, : 2nv r(K,./¡r)r10.4381 . (12)

Thc rcsults prcsented by Chapman & Cowling ( 1970)

S, = 2nwt(K,.1¡t)tt20.422, (13)

S, = 2nrv I (l(,./¡-r)r/r 0.436. ( 14)

llcvisttt lJrasilaira da (ìeo/ísicu, I'ol, l2(2), 1991

b : s[(¡nvr)/(2K)| " (4.2)



-F

194

Replacement of variables in Eq. (3) yields:

dy

Col lisional'l'ransl'cr Ratcs

(A 6)

(4.7)

(A.8)

(A e)

1tl2

t = j [ -o.5k2sin2u + o.375kasinau -

To solve it one uses the binomial expansion and get:

t
e=J

0 l )
v- -(y/b)" 7','

(A.3)

where f satisfies

r-i'-(i/b)":0 (4.4)

We are interested in the particular case of n=4, for which the

solution of Eq. (4.4) becomes:

l+ l+4lb
^)vr) -

2 tb4
(A,s)

and, in special, is the lower sign solution which has a physical

sense. I-lence:

0.3 I 25k('sin(' u + 0.27 34k8sin8u -
0.246 I kl0sin | 0 

u + 0.2256kL2sin 
rr 

u -...þu (4. I I )

Note that b -+ 0 = k2 J I arld b -+ æ =+ k2 + 0'

I-lence the largest error in the cornputation of I occurs for b

-+ 0. I-lowever, in this case (b2la) -+ 0 = 0 + 0. The largest

value of I occurs for b + æ, when (b'zla) + I and k2 -+ 0, in

which case I : nl2 and then Ø : nl2 . For values of b such

that 0 < b < - the above integral of Eq. (4.11) converges

rapidly since it can be expressed in the form:

r = (^¡:f r - (r/:)' I-' *(f)' t' -
L

/ t.3.512 . ,, ( t.3.s.71',o, _ ...-1.-l*à k'*l.:¿^a.sl . -' l' (A'12)
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To integrate Eq. (4.3) for the case lt: 4 we write it as

0=b2
dy

F0'-r)ú'-îî)]'

v

which can be put in a more tractable form making the

substitutiony:!sinu.
One then gets:

f /2

J
0

0=b2
du

Now recalling that i'z + 9,' : -ba we have:

du

)n o']"

,in'u - 9i)/'(t

p'

r12

J
0

0=b2

Í12

)J
0

la

( + sin2 u

If we call o, : 9, + ba and k2 : frla2 results:

e =þt du

( + t2sin2u
)t'z
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