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ABSTRACT
An Eulerian model and a Lagrangian particle model are used to study the dispersion of a contaminant released from a low height source in the Stable Boundary
Layer (SBL). The Eulerian model is based on the solution of the advection-diffusion equation by the Laplace transform technique. The Lagrangian model is based
on a generalized form of the Langevin equation. Turbulence inputs are parameterised according to two procedures capable of generating continuous values in all
stability conditions and in all heights of Planetary Boundary Layer (PBL). Statistical indices were calculated to compare the predicted and observed values of
ground-level concentration. According to the statistical analysis, predicted concentration values agree well with the observed ones.
Keywords: Turbulent parameterisation, Lagrangian model, Eulerian model

RESUMO
Um modelo Euleriano e um de partículas Lagrangeano são usados para estudar a dispersão de um contaminante liberado por uma fonte de altura baixa na Camada
Limite Estável. O modelo Euleriano é baseado na solução da equação de difusão-advecção, utilizando-se a técnica da transformada de Laplace. O modelo
Lagrangeano é baseado na forma generalizada da equação de Langevin. Os parâmetros turbulentos são determinados de acordo com duas parametrizações
capazes de gerar valores contínuos em todas as condições de estabilidade e alturas na Camada Limite Planetária. Índices estatísticos foram calculados para
comparar valores de concentração ao nível da superfície previstos e observados. De acordo com a análise estatística, as concentrações previstas concordam bem com
as concentrações observadas.
Palavras-chave: Parametrização da Turbulência, modelo Lagrangeano, modelo Euleriano
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INTRODUCTION
In the last years, there has been a wide effort in understanding
the Convective Boundary Layer turbulent structure and dispersion
properties, while the development of Stable Boundary Layer (SBL) theories
and parameterisations are still a challenge. This is due to several aspects
like the coexistence of quite different phenomena in the SBL. The
mathematical modelling of the SBL has encountered difficulties in several
aspects, mainly because of either the low intensity of the turbulent energy
and or the coexistence of quite different phenomena like intermittencies
and gravity waves.
The most popular method for estimating dispersion in the stable
boundary layer is based on the stability classification system proposed
by Pasquill and then modified by Gifford. This PG system, as it is commonly
known, relates the dispersion characteristics of the Planetary Boundary
Layer (PBL) to routinely available meteorological observations. The PG
system attempts to account for the effects of shear and buoyancy on
turbulence generation through the wind speed at 10 m height, and the
incoming solar radiation. The PG classification system is generally
consistent with the turbulent structure of the PBL, however, the
correspondence between the PG meteorological variables (wind speed,
solar radiation, cloudiness) and the dispersion characteristics is qualitative
and far from unique (VENKATRAM, 1988).
In this work, an Eulerian model and a Lagrangian particle model
are used to simulate the dispersion of a passive pollutant emitted from
a low source during the Prairie Grass dispersion experiment (BARAD,
1958). The Lagrangian model is a three-dimensional model based on
generalized form of the Langevin equation and it can use the higher
moments of the Eulerian Probability Density Function (PDF) of the wind
velocity fluctuations. The Eulerian model is based on a discretization of
the PBL in N sub-layers; in each sub-layers the advection-diffusion
equation is solved by the Laplace transform technique, considering an
average value for eddy diffusivity and the wind speed.
The turbulent parameters used as input in the Lagrangian
(velocity fluctuations moments and Lagrangian decorrelation time scales)
and in the Eulerian model (eddy diffusivity coefficient) are parameterised
according to two procedures: Degrazia e outros (2000) and Hanna
(1982). The parameterisations deal contemporary with neutral and
convective conditions on one hand, and with neutral and slightly stable
conditions, on the other hand. They are able to generate continuous
values in all stability and in all heights in the PBL. In this study, measured
crosswind-integrated concentrations obtained in the stable Prairie Grass
field experiment are used to compare observed and predicted
concentrations.

The main objective of this study is to evaluate a general turbulence
parameterisation, which can be employed to describe the turbulent
transport of contaminants emitted by a low source in a stable PBL.

DESCRIPTION OF THE MODELS
Eulerian model
Following Vilhena et al. (VILHENA et al., 1998; MOREIRA;
DEGRAZIA; VILHENA, 1999, DEGRAZIA; MOREIRA; VILHENA, 2001;
MANGIA et al., 2002), for a cartesian coordinate system in which the x
direction coincides with the average wind direction, the steady state
advection-diffusion equation is written as (ARYA, 1995):
U

∂c ∂ 
∂c  ∂ 
∂c  ∂ 
∂c 
+ Ky
+ Kz

=  K x




∂x ∂x 
∂x  ∂y 
∂y  ∂z 
∂z 

(1)

where c denote the average concentration, U the mean wind
speed and Kx , Ky and Kz are the eddy diffusivities. The crosswind
integration of the eq. (1) (neglecting the longitudinal diffusion) leads
to:

U

∂c y
∂ 
∂ c y 
= Kz
∂x
∂z 
∂z 



(2)

subject to the boundary conditions of zero flux at the ground and at the
top of the PBL, and a source with emission rate Q at height H s :

Kz

∂c y
= 0 in z = 0, h
∂z

U c y ( 0 ,z)=Qδ( z − H s ) in x = 0,

(3)

(4)

where now c y represents the average crosswind integrated
concentration.
Bearing in mind the dependence of the Kz coefficient and the
wind speed profile U on the variable z, the height h of a SBL is discretized
in N sub-intervals in such a manner that inside each interval Kz(z) and
U(z) assume the average value:

1
Kn =
z n − z n−1
Un =

1
z n − z n−1

zn

∫ K z ( z )dz

(5)

zn −1
zn

∫ U ( z )dz

(6)

zn −1
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Therefore, the solution of problem (2) is reduced to the solution
of N problems of the type:
Un

∂ c ny
∂ 2 c ny
= Kn
∂x
∂z 2

z n −1 < z < z n ,

(7)

y

for n = 1: N, where cn denotes the concentration at the nth subinterval.
To determine the 2N integration constants the additional (2N-2)
conditions namely continuity of concentration and flux at the interface
are considered:

cny = cny+1 n = 1, 2,... (N-1)
Kn

(8)

∂ cny
∂cy
= K n +1 n +1 n = 1, 2,...(N-1)
∂z
∂z

(9)

U s
U
∂2 y
c ( s, z ) − n cny ( s, z ) = − n cny (0, z ) (10)
2 n
Kn
Kn
∂z

{

}

where cny ( s, z ) = L p c ny ( x, z ); x → s , which has the
well-known solution:
c ny ( s, z ) = An e − Rn z + Bn e Rn z +

where, Rn = ±

(

Q − Rn ( z − H s )
− e Rn ( z − H s )
e
2 Ra

), (11)

Uns
and Ra = ± U n K n s
Kn

Finally, applying the interface and boundary conditions we come
out with a linear system for the integration constants. Henceforth the
concentration is obtained inverting numerically the transformed
concentration c y by Gaussian quadrature scheme (HEYDARIAN;
MULLINEAUX, 1989):
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Lagrangian model
LAMBDA is a Lagrangian stochastic particle model based on a
three-dimensional form of the Langevin equation for the random velocity
(THOMSON, 1987). The velocity and the displacement of each particle
are given by the following equations (RODEAN, 1996):
(14a)

and

dx = (U + u)dt ,

(14b)

where i, j = 1,2,3 , x is the displacement vector, U is
the mean wind velocity vector, u is the Lagrangian velocity vector
[velocity of a fluid particle associated to the turbulent velocity fluctuation
(TAYLOR, 1921)], ai ( x , u, t )dt is a deterministic term and
bij ( x, u, t )dW j (t ) is a stochastic term and the quantity
dW j (t ) is the incremental Wiener process. The Wiener process is a
continuous but not differentiable time integral of the white noise,
ξ(t ) . ξ(t ) is a hypothetical stationary, Gaussian, stochastic process
with constant spectral density on the real frequency axis.
Thomson considered the Fokker-Planck equation (RODEAN,
1996) as Eulerian complement of the Langevin equation to obtain the
deterministic coefficient ai ( x , u, t ) . The stationary Fokker-Planck
equation is given as:
2
∂
(ui PE ) = − ∂ (ai PE ) + ∂
∂u i ∂u j
∂u i
∂xi

1

 bij b jk PE  , (15)
2



where PE (x , u, t ) is the non-conditional PDF of the Eulerian
velocity fluctuations and the other symbols have the same definitions as
in eqs. (14 a,b). The deterministic coefficient ai ( x , u, t ) is obtained
from:

+









The solution (12) is valid for layers that do not contain the
contaminant source and x > 0, once the quadrature scheme of Laplace
inversion does not work for x = 0. On the other hand, the solution (13)
can be used to evaluate the concentration field in the layer that contains
the continuous source. A j and Pj are the weights and roots of the
Gaussian quadrature scheme and are tabulated in the book by Stroud &
Secrest (1966). In the present, we used Ni = 8 because this value
provides the desired accuracy with the smallest computational time.

du i = ai ( x, u , t )dt + bij ( x, u, t )dW j (t ) ,

Applying the Laplace transform in eq. (7) results:

105

(13)

ai PE =

∂ 1

 bij b jk PE  + φ i (x , u, t )
∂xi  2


(16a)
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∂φ i
∂P
∂
(u i PE )
=− E −
∂u i
∂t
∂xi

(16b)

subject to the condition:
φ i → 0 when u → ∞ .

(17)

While in the two horizontal directions the PE is considered to
be Gaussian, in the vertical direction the PDF is assumed to be nonGaussian (to deal with non-uniform turbulent conditions and/or
convection). In this latter case, two different approaches can be adopted
in order to calculate the Fokker-Planck equation: a bi-Gaussian equation,
truncated to the third order, and a Gram-Charlier equation, truncated to
the third or to the fourth order (ANFOSSI et al., 1997; FERRERO;
ANFOSSI, 1998). The bi-Gaussian PDF is given by the linear combination
of two Gaussians (BAERENTSEN; BERKOWICZ, 1984) and the GramCharlier PDF is a particular type of expansion that uses orthonormal
functions in the form of Hermit polynomials.
The coefficient bij ( x , u, t ) is obtained from the following
Lagrangian structure function (the ensemble average of the square of
the change in Lagrangian velocity in the time interval ∆t ):

D(∆t ) = [u i (t + ∆t ) − u i (t )]

2

= (∆u i ) 2 . (18)

For the inertial subrange (τ K << ∆t << τ L ) , where
τ K is the Kolmogorov time scale and τ L is the Lagrangian
decorrelation time scale, the structure function is given by:

D(∆t ) = C 0 ε(x, t )∆t ,

(19)

where C 0 is the Kolmogorov constant (between 2 and 7 
Rodean, 1994; Degrazia; Anfossi, 1998) and ε(x , t ) is the ensembleaverage rate of dissipation of turbulent kinetic energy. Using the square
of eq. (14 a) and applying the conditions for the Wiener process, the
change in Lagrangian velocity is:

(∆u i ) 2 = bij2 ∆t .

(20)

Then, from eqs. (19) and (20), it is possible to show that
bij ( x, u, t ) is related to C 0 in the following way:

bij = δ ij C 0 ε ,

(21)

where δ ij is the Kronecker delta. In particular this means that
the Lagrangian structure function constant C 0 is an important quantity
in stochastic Lagrangian models of turbulent diffusion. On the other
hand, the product C0ε can also be written as a function of the
variance of the velocity fluctuantions σi2 and the Lagrangian
decorrelation time scales τ Li (HINZE, 1975; TENNEKES, 1982):

σ i2
C0ε = 2
τ Li .

(22)

Therefore, C0ε can be substituted by 2σi τ Li ,
demonstrating that σi2 and τ Li are important inputs in the stochastic
Lagrangian models of turbulent diffusion.
The concentration field is determined by counting the particles
in a cell or imaginary volume in the position x, y, z :
2

C (x, y, z , t ) =

m p Nv

,

(23)

VC

where m p is the particle mass, N v is the particle number
inside the cell and VC is the cell volume (irregular over complex terrain).
The particle mass is determined by:

Q(t ) N ∆t ,
(24)
Np
where Q is the emission rate, N ∆t is the number of time
steps and N p is the number of emitted particles per time step.
mp =

TURBULENCE PARAMETERISATION
In the present application the turbulence parameterisation
schemes suggested by Degrazia et al. (2000) parameterisation and by
Hanna (1982) parameterisation were considered, as described below:1
Accounting for the current knowledge of the PBL structure and
characteristics, the authors derived parameterisations for wind velocity
variances ( σ i2 ), decorrelation time scales ( τ L i ) and diffusion
coefficients ( K i ). The classical statistical diffusion theory, the observed
spectral properties where a linear combination of the two turbulent forcing
mechanisms (shear + buoyancy) (FRISCH, 1995) and observed
characteristics of energy containing eddies were used to estimate these
parameters. These parameterisations give continuous values for the PBL
at all elevations ( z0 ≤ z ≤ zi , h) and all stability conditions from
unstable to stable (−∞ < L < ∞) , where zi is the convective
PBL height and h is the neutral or stable PBL height, z0 is the
aerodynamic roughness length and L is the Monin-Obukhov length.
The general expressions for σ i2 , τ L i and K i are the following:
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(29c)

TEST OF THE EULERIAN AND LAGRANGIAN MODELS

HANNA (1982) PARAMETERISATION
The parameterisation proposed by Hanna (1982) is widely used
in pollutant dispersion models. This parameterisation describes the
turbulence field from the surface layer and boundary layer parameters
z0 , L , u∗ , w∗ , h and zi . Hanna suggested, from Minnesota
PBL observations, different expressions for the variances and for the
Lagrangian time scales distinguishing the different kind of atmospheric
stratification conditions, the unstable, stable and neutral cases. For the
stable case, the expressions for σ i2 and τ L i are the following:

z

σu = 2u∗ 1 − 
 h

(28a)

z

σ w = σv = 1.3u∗ 1 − 
 h

(28b)

0.5
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h z
τ Lw = 0.10  
σw  h 
where K i is given by the relation:

(27)

where w∗ is the convective velocity scale, u∗ is the local friction
velocity, ψ cε = εzi / w∗3 and φεn + s = εκz / u∗3 are the
nondimensional molecular dissipation rate functions associated to
∗ c
buoyancy and mechanical productions, respectively, ( f m )i is the
reduced frequency of the convective spectral peak, ( f m∗ )in + s is the
reduced frequency of the neutral or stable spectral peak, − L zi is
an average stability parameter for the CBL, κ is the Von Karman constant
and c i = α i (0.5 ± 0.05)(2πk ) −2 / 3 with α i = 1, 4/3, 4/
3 for u, v and w components, respectively.

h z
 
σu  h 

(29b)

K i = τ Li σi2

and

τ Lu = 0.15

0.5

0.8





13
u∗ 



( )

τ Lv

h z
= 0.07  
σv  h 
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(29a)

The models performances have been evaluated against
experimental concentrations using tracer SO2 from Prairie Grass dispersion
experiments by Barad (1958) described by Barad (1958). The tracer
was released without buoyancy at a height of ~ 0.5m, and colleted at
a height of 1.5m at three downwind distances (50, 200 and 800m).
The Prairie Grass site was quite flat and much smooth with a roughness
length of 0.6cm. We present here the results for 27 stable runs, for
which the condition h/L > 0 is satisfied. In these runs the dispersion is
generated by mechanical processes (competition between wind-shear
and positive buoyancy) and as a consequence only the second terms of
the right-hand side of the eqs (25), (26) and (27) were utilized to
parameterise the turbulent transport in the Eulerian and Lagrangian
dispersion models. The micrometeorological parameters recorded during
the dispersion experiments are summarized in Table 1, based on the
paper of van Ulden (1978). To calculate h, the relation
1/ 2
was used (ZILITINKEVICH, 1972). An
h = 0.4 u* L 10− 4
exponential wind vertical profile was calculated from the wind speed
measured during the experiment.
In the Lagrangian particle model, the horizontal domain was
determined according to sample distances and the vertical domain was
set equal to the observed mixing height. The time step was maintained
constant and it was obtained according to the value of the Lagrangian
decorrelation time scale ( ∆t = τ Li / c ), where τ Li must be the
smaller value between τ Lu , τ Lv , τ Lw and c is an empirical
coefficient set equal to 10. Fifty particles were released at each time
step during 1500 - 2000 time steps. The PDF Gram-Charlier truncated
to the fourth order was chosen.
The performances of the models are shown in Table 2 and in
Figures 1 and 2. Table 2 shows the result of the statistical analysis
considering the following statistical indices (HANNA, 1989):

(

)
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Tabela 1  Parâmetros meteorológicos medidos durante
o experimento Prairie Grass.
Table 1  Meteorological parameters measured during
the Prairie Grass experiment.

R = (Co − Co )(C p − C p ) / σ o σ p (Correlation
Coefficient)

FA2 = 0.5 ≤ C o C p ≤ 2

(Factor 2)

where C is the analysed quantity (concentration) and the
subscripts o and p represent the observed and the predicted values,
respectively. The overbars in the statistical indices indicate averages.
The statistical index FB indicates weather the predicted quantities
underestimates or overestimates the observed ones. The statistical index
NMSE represents the quadratic error of the predicted quantities in relation
to the observed ones. Best results are indicated by values nearest zero in
NMSE, FB and FS, and nearest 1 in R and FA2. Figures 1 and 2 show
the observed and predicted scatter diagram of crosswind concentrations
for the Lagrangian and Eulerian models using Degrazia e outros (2000)
and Hanna (1982) parameterisations, respectively.
Analysing the statistical indices in Table 2 it is possible to notice
that the models simulate satisfactorily the observed concentrations, with
NMSE, FB and FS values relatively near to zero and R and FA2 relatively
near to 1. A more detailed inspection of the Table 2 permits to observe
that the Eulerian model with Hanna (1982) parameterisation presents
best values of NMSE while the Lagrangian model with Hanna (1982)
parameterisation presents best values of FB. For the other statistical
indices, there are not considerable differences between the results. All
the values for the indices are within ranges that are characteristics of
those found for other state-of-the-art models applied to other field
datasets, thus showing that the models and the turbulence
parameterisations are quite effective.

CONCLUSIONS
NMSE = (C o − C p ) 2 / C o C p (Normalized Mean
Square Error)

FB = (C o − C p ) /(0.5(C o + C p )) (Fractional
Bias)

(

FS = 2 σ o − σ p

) (σ o + σ p )

(Fractional
Standard Deviation)

In this work an Eulerian model and a Lagrangian stochastic
particle model were used to simulate the transport and diffusion of a
passive pollutant released during the stable Prairie Grass dispersion
experiments. The particle model is based on three-dimensional form of
the Langevin equation for the random velocity and it can simulate the
dispersion of pollutants under complex meteorological conditions from
sources of different geometries. The Eulerian model is based on a
discretization of the Planetary Boundary Layer in N sub-layers; in each
sub-layer the advection-diffusion equation is solved by the Laplace
transform technique, considering an average value for eddy diffusivity
and the wind speed. The parameterisations proposed here and used in
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Tabela 2  Índices estatísticos da performance do modelo para
o experimento Prairie Grass.
Table 2  Statistical indices of the model performance for the Prairie Grass experiment.

Figura 1  Diagrama de espalhamento entre concentrações observada e prevista ao nível da superfície integrada perpendicularmente a direção do vento
[ (cy

Q ).103 ] para os modelos Euleriano e Lagrangeano utilizando a parametrização de Degrazia et al. (2000).

Figure 1  Scatter diagram between observed (Co) and predicted (Cp) ground-level cross-wind integrated concentrations [ ( c y
Lagrangian and Eulerian models using Degrazia et al. (2000) parameterisation.
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Figura 2  Diagrama de espalhamento entre concentrações observada e prevista ao nível da superfície integrada perpendicularmente a direção do vento
[ ( cy

Q ).103 ] para os modelos Euleriano e Lagrangeano utilizando a parametrização de Hanna (1982).

Figure 2  Scatter diagram between observed (Co) and predicted (Cp) ground-level cross-wind integrated concentrations [ ( c y

Q ).103 ] for the

Lagrangian and Eulerian models using Hanna (1982) parameterisation.

the Lagrangian (turbulent velocity moments and Lagrangian decorrelation
time scales) and Eulerian (eddy diffusivity coefficient) models are
provided by two different methods. The first method, Degrazia e outros
(2000), based on Taylors statistical diffusion theory and the observed
spectral properties, supposes a linear combination between shear and
buoyancy turbulence. This parameterisation for the stable Prairie Grass
runs take into account the competition between wind-shear generated
turbulence and stabilising effects of stratification (L > 0). The second

method, Hanna (1982), is based on observed spectral properties from
Minnesota PBL observations. Some statistical indices were calculated to
compare the simulated and observed values of ground-level concentration.
Analysis of the results and the application of statistical indices show that
the models, with the proposed turbulence parameterisations, produce a
good fit of the measured ground-level cross-wind concentration. The
major advance that we want to highlight from in this study relies in the
particularities of the turbulence parameterisations, which allow an
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accurate description of the turbulent transport for a low source in terms
of the characteristic velocity and length scales of thermal and mechanical
energy containing eddies. In conclusion, it can be said that there is a
general agreement between observed and predicted ground-level
concentrations for both models (Lagrangian and Eulerian). The results
obtained are encouraging, so that the parameterisations here presented
may be used in regulatory air pollution modelling.
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