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COMPARISON OF L2- AND L1-NORM TO PERFORM THE INVERSION OF TRAVEL-TIME CURVES
USING NONHYPERBOLIC MULTIPARAMETRIC APPROXIMATIONS
WITH UNIMODAL AND MULTIMODAL BEHAVIOR
Nelson Ricardo Coelho Flores Zuniga1 , Fernando Brenha Ribeiro1 and Viatcheslav Ivanovich Priimenko2
ABSTRACT. Many nonhyperbolic multiparametric travel-time approximations were developed in the last decades. As the seismic inversion became more popular, there
were studies concerning the objective function of this kind of equations. Many of these approximations have a unimodal behavior where there is only the global minimum
region while others have a multimodal statistical distribution with the global minimum region and one or more local minimum regions. However, two approximations
showed both unimodal and multimodal behaviors to vary depending on the model. As the variation of the model generates only subtle distortions concerning the
topology of the objective function, a method which can make this topology more abrupt is a solution to perform a more effective inversion. This kind of information
can be reached using the L1-norm rather than the L2-norm, and with the comparison of the two norms for both reflection events (PP and PS) of the model and both
approximations, it is possible to understand which kind of improvement it brings concerning the complexity and accuracy analysis.
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RESUMO. Várias aproximações não-hiperbólicas multiparamétricas de tempos de trânsito foram desenvolvidas nas últimas décadas. Com a inversão sísmica se
tornando cada vez mais popular, houve estudos relacionados à função objetivo desse tipo de equação. Muitas dessas aproximações apresentam um comportamento
unimodal, onde há apenas uma região de mínimo global, enquanto outras apresentam uma distribuição estatística multimodal, com a região de mínimo global e uma
ou mais regiões de mínimos locais. Entretanto, duas aproximações mostraram ambos os comportamentos, unimodal e multimodal, variando a depender do modelo.
Como a variação do modelo gera apenas distorções sutis com relação à topologia da função objetivo, um método no qual é capaz de tornar a topologia mais abrupta
é uma forma de realizar a inversão com maior efetividade. Este tipo de informação pode ser obtido usando a norma L1 ao invés da norma L2, e com a comparação
das duas normas para ambos os eventos de reflexão (PP e PS) do modelo e para ambas as aproximações, é possível entender qual tipo de melhoria é alcançada com
relação à análise de complexidade e de precisão.
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INTRODUCTION
Concerning the large offsets with layered media, the converted PS
waves and OBN (Ocean Bottom Nodes) data, there is a significant
challenge during the velocity analysis step, once these three
characteristics increase the nonhyperbolicity. For this reason,
there were developed many nonhyperbolic approximations to deal
with many causes of the nonhyperbolicity (e.g. Malovichko, 1978;
Muir & Dellinger, 1985; Alkhalifah & Tsvankin, 1995; Li & Yuan,
2001; Ursin & Stovas, 2006; Blias, 2009).
In recent works (Zuniga et al, 2015, 2016a, 2016b, 2017;
Zuniga, 2017), the objective function analysis was used to
understand the complexity of these approximations, and helps to
understand their behavior during the inversion procedure. Some
approximations presented a unimodal statistical distribution (e.g.
Malovichko, 1978; Alkhalifah & Tsvankin, 1995) due to their
simplicity, while other approximations showed a multimodal
behavior (e.g. Muir & Dellinger, 1985; Li & Yuan, 2001; Ursin
& Stovas, 2006; Blias, 2009). However, the approximations
proposed by Ursin & Stovas (2006) and Blias (2009) presented
both unimodal and multimodal behaviors, varying according the
model, as observed by Zuniga et al. (2018). More tests were
performed for deep-water models and showed very well results
concerning a better accuracy and lower processing time (Zuniga
et al, 2019).
Since there is a substantial range of models in the
thresholds of the statistical distribution behaviors, it is difficult
to define in which kind of model these approximations must be
considered unimodal or multimodal. Thus, to consider these two
approximations always unimodal, it is necessary to find a way in
which it is possible to make a topology of the objective function
less complex. Therefore, it must be simpler enough to suppress
the local minimum regions and the more subtle features.
To perform this kind of enhance, it shall be used the
L1-nom rather than the L2-norm. The L2-norm, also known as
the least squares, makes a more delineated objective function
topology due to it minimizing the sum of the square of the
difference between the targeted value and the calculated value.
Otherwise, the least absolute deviation (L1-norm) minimizes the
error between the observed and the calculated value (Khaleelulla,
1982; Bourbaki, 1987).
So, with the Model defined and its travel-time curves
generated as a direct problem, it is possible to perform
the minimization between the calculated curves with the two
approximations and the observed curves. The objective function
can be analyzed by a residual function map where it is possible

to study its topological structure. Therefore, for the Ursin &
Stovas (2006) and Blias (2009) approximations and for both
conventional and converted wave events, it is possible to test the
L2-norm and the L1-norm, and find out the differences between
them, and define if it is more suitable to work with L1-norm for
this kind of travel-time approximation.
MODEL
The Model studied here (Table 1), is an offshore layered model,
based on a Campos Basin reservoir with a sandstone reservoir
( VP = 2952 m/s and VS = 1593 m/s) beneath the 5th layer (the
shale sealing layer).
The soft increase of the P-wave and S-wave velocities
can be easier observed with the velocities profile (Fig. 1). With
the parameters of the Model it is possible to produce the ray
tracing and extract the travel-time curves of the events PP and
PS (Margrave, 2000 and 2003; Thorbecke & Draganov, 2012), as
it can be observed in Figure 2.
Table 1 – The parameters of the Model: Layer thickness (∆z), P-wave velocity
(VP ), S-wave velocity (VS ) and VP /VS ratio.

Layer

∆z(m)

VP (m/s)

VS (m/s)

VP /VS

Water

1052

1500

0

-

1

298

1930

643

3.00

2

559

2127

1134

1.88

3

311

2357

1202

1.96

4

161

2554

1390

1.84

5

77

2733

1403

1.95

The nonhyperbolic multiparametric travel-time
approximations with multimodal and unimodal
behavior
The approximation developed by Ursin & Stovas (2006)
uses the heterogeneity parameter S also used by Malovichko
(1978) for the shifted hyperbola which were adapted from the
hyperbola equation proposed by Dix (1955). However, for this
approximation (Eq. 1), the authors proposed that the S parameter
is expressed in a quasi-acoustic case, as a function of the
Thomsen anisotropic parameters (Thomsen, 1986).
s
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Figure 1 – P-wave velocity ( VP ), S-wave velocity ( VS ) and VP /VS ratio profiles
of the Model.

Figure 2 – Ray tracing of the (A) PP wave reflection event and (B) PS wave reflection event of the Model.

The S parameter depends on the µ4 and µ2 by the relation
S = µ4 /µ22 , where µ j ( j = 2, 4) is the j-th velocity momentum
(Eq. 2).
n

n

µ j = ∑ tk vkj / ∑ tk
k=1

(2)

k=1

and vk is the interval velocity of the k-th layer and tk is the
travel-time of the k-th layer.
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Blias (2009) proposed an approximation (Eq. 3) which also
uses the heterogeneity parameter S, proposed by Malovichko
(1978). Different than the Equation 1, this approximation was
developed performing several numerical tests related to the
walkway vertical seismic profile (VSP).
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Once both approximations showed both statistical distributions
in previous works, they must be tested concerning the L1-norm to
observe if they behave sufficiently better than the L2-norm aiming
to suppress the local minimum region.
Complexity analysis of the objective function for L2- and
L1-norm
The complexity analysis by the observation of residual function
maps (RFM) is necessary to understand the complexity of the
topology of the objective function (Larsen, 1999; Kurt, 2007). The
RFM shows the relation between the additional parameter (the
S parameter in this case) with the velocity of the event, while
the third dimension of the hyperplane represents the values of
minimum. As the t0 is the less sensible variable, it was fixed
as constant after the recovering of the parameters during the
inversion.
A norm is the total length of a set of vectors in a vector space
or the total size of a set of matrices in a matrix space. The norm is
a function which assigns a strictly positive length to each vector
in a vector space, or a positive size to each matrix in a matrix
space, being not valid to zero vector or zero matrix (Khaleelulla,
1982; Bourbaki, 1987). The L2-norm also known as least squares
method sums the square of the difference between the observed
value and the estimated one (Eq. 3).
n
2

R2 = ∑ (t jobs − t jest )

(4)

j=1

On the other hand, the L1-norm, known as least absolute
deviation aims to minimize the sum of the absolute difference
between the observed value and the estimated one (Eq. 4).
n

R = ∑ |t jobs − t jest |

(5)

j=1

Where R is the error between the observed and estimated value,
t jobs and t jest are, respectively, the observed and the estimated
travel-time for a value j-th.
In this work, the focus is to observe the variation of behavior
between L2- and L1-norm for each reflection travel-time event (PP
and PS) with the selected approximation.
It is possible to observe for each approximation and
each event whether the use of L1-norm affects the statistical
distribution concerning the objective function by analyzing the
variation of behavior between L2- and L1-norm for each reflection
event and for each approximation.
The RFM applied to both norms provides information
to have a deeper understanding concerning the optimization

algorithm (global or local search) that should be used for this
kind of problem.
It can be observed in Figure 3A, that for the PP wave
reflection event the topology of the objective function has
some features that cannot be observed in Figure 3B, with the
approximation proposed by Ursin & Stovas (2006). As these
subtle features are suppressed by the use of the L1-norm, the
Figure 3B showed a unimodal behavior, and a narrower global
minimum region, with a more abrupt behavior of the topology of
the objective function.
For the converted wave event, also for the Ursin & Stovas
(2006) approximation, it is possible to observe the same kind
of variation when the L1-norm is applied. Before (Fig. 4A), it
is clearly observed a global and a local minimum region, while
in the Figure 4B, it is shown a unimodal behavior with the
local minimum region completely suppressed, a narrower global
minimum region and a little more abrupt topological structure.
For the approximation proposed by Blias (2009), it is
possible to observe a more complex topology than the one
proposed by Ursin & Stovas (2006). However, the same behaviors
were observed. In the conventional reflection event, the Figure
5B showed a narrower global minimum region than the Figure
5A, with no local minimum region and with a little more abrupt
structure.
As a similar behavior of the Figure 5, the Figure 6B showed
a full suppression of the local minimum region and a narrower
global minimum region. However, the variation of the abruptness
is more intense in this case.
Residual travel-time comparison and accuracy analysis
The comparison of nonhyperbolic approximations are being
performed since the beginning of the decade (Aleixo &
Schleicher, 2010; Golikov & Stovas, 2012). However, there is
no works comparing the accuracy of nonhyperbolic travel-time
approximations between the L2- and L1-norm.
The accuracy analysis is performed by comparing the
calculated curve to the observed curve. After the calculated curve
fits to the observed one, it is analyzed the error between them.
After perform the inversion, with the parameters recovered,
it is possible to observe the relative travel-time errors. In
Figure 7A, it is possible to observe for the conventional PP
reflection event, that both approximations showed more accurate
results with the L1-norm than with the L2-norm. The same
observation can be done in Figure 7B; the L1-norm presents
more accurate results than the L2-norm. However, in Figure 7B,
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Figure 3 – Residual function maps to demonstrate the complexity
of the approximation proposed by Ursin & Stovas (2006) for the
PP wave reflection event with (A) L2-norm and (B) L1-norm. Red
dispersions represent the global minimum region and the white
dispersions represent the local minimum region.

Figure 4 – Residual function maps to demonstrate the complexity
of the approximation proposed by Ursin & Stovas (2006) for the
PS wave reflection event with (A) L2-norm and (B) L1-norm. Red
dispersions represent the global minimum region and the white
dispersions represent the local minimum region.

Figure 5 – Residual function maps to demonstrate the complexity
of the approximation proposed by Blias (2009) for the PP wave
reflection event with (A) L2-norm and (B) L1-norm. Red dispersions
represent the global minimum region and the white dispersions
represent the local minimum region.

Figure 6 – Residual function maps to demonstrate the complexity
of the approximation proposed by Blias (2009) for the PS wave
reflection event with (A) L2-norm and (B) L1-norm. Red dispersions
represent the global minimum region and the white dispersions
represent the local minimum region.
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Figure 7 – Relative errors in travel-time between the observed curve and the calculated curve with each approximation
and each norm for (A) PP wave reflection event and (B) PS wave reflection event. Data for Ursin & Stovas (2006) and
Blias (2009).

the approximation proposed by Blias (2009) presented a much
more accurate with both norms than the results shown by Ursin
& Stovas (2006) approximation.

CONCLUSIONS
In all conditions tested in this work, there was an improvement in
using the L1-norm rather than the L2-norm. For both reflection
events and both approximations, the L1-norm showed a narrower
global minimum region and a more abrupt structure of the
objective function with no local minimum region.
The accuracy also increased for both nonhyperbolic
approximations and for both reflection events when the L1-norm
is used, what shows that even if there was no suppression of the
local minimum region it would still bring a enhance in the results,

once a narrower global minimum region results in a lower relative
travel-time error.
Due to these results, the use of L1-norm clearly is a reliable
method to simplify the topology of the objective function of this
kind of travel-time approximations and also reach a more accurate
global minimum value.
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