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ABSTRACT. We propose a simple transformation to aid the interpretation of magnetic anomalies gener-
ated by linear structures. The profile of such anomalies perpendicular to the strike can be decomposed into two
signals, one symmetric and the other antisymmetric concerning the center of the source. The symmetric com-
ponent serves as input data to various depth estimation techniques that often assume the anomaly is reduced to
the pole. We use the fact that these components form a Hilbert transform pair to transform a skewed anomaly
profile into a symmetric one. Unlike in previous works that rely on the decomposition into even and odd func-
tions, the profile does not need to be shifted to the source’s center of symmetry or limited to one isolated
anomaly. Multiple effective magnetization directions presented by different dikes are modeled by a function
representing the different local effective dip angles. We validate the method with synthetic data and ground
magnetic survey data from a dike swarm in Ponta Grossa Arch, southern Brazil. We also illustrate the use-
fulness of reconstructed anomalies for depth estimation methods. The results also show that the method can
handle interfering sources with distinct effective magnetization directions.

Keywords: potential methods, magnetics, Hilbert transform, remanent magnetization.

INTRODUCTION

The seminal work of Nabighian (1972) on the anal-
ysis of two-dimensional structures with the analytic

is a standard interpretation tool (Shuey, 1972; Mo-
han et al., 1982; Ram Babu and Atchuta Rao, 1991).
On the other hand, the fact that f¢(x) and f*(z) also
constitute a Hilbert transform pair has yet to be well

signal is the starting point of numerous enhancement
and depth estimation techniques for magnetic data
(Roest et al., 1992; Debeglia and Corpel, 1997; Bas-
tani and Pedersen, 2001; Cooper, 2014, to name a
few).

The magnetic anomaly profile of a dike model
of infinite depth to the bottom, as well as other
2D structures, can be mathematically expressed in
form f(z) = Alcos Qf*(x) + sin Qf*(x)], where A is
an amplitude coeflicient and @ is an effective angle
that depends on geological and magnetic dips. At
the same time, f*(z) and f*(z) are composite func-
tions of inverse tangents and logarithms, respectively
(Nabighian, 1972). The use of the analytic signal to
interpret magnetic data was motivated by the fact
that horizontal and vertical derivatives of f(x) consti-
tute a Hilbert transform pair. The Hilbert transform

explored in the literature, to our knowledge.

Hutchison (1958) pioneered the decomposition of
magnetic profiles into f*(z) and f%(x), studying their
symmetry properties and determining source param-
eters from their representation in logarithmic scale.
In particular, f*(z) and f(x) become respectively
even and odd functions when the origin is shifted to
the source center. He also pointed out that these
components can be separated by a graphical proce-
dure later formalized as a decomposition into even
and odd functions (Rao and Murthy, 1967), while the
location of the symmetry centers was studied by Pow-
ell (1967). Naudy (1971) used a local decomposition
version to locate symmetry centers. Bhimasankaram
et al. (1978) applied this parity decomposition to ob-
tain the depth, half-width, and effective angle @) in the
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frequency domain. Kara et al. (2017) further devel-
oped several interpretation tools from the same prin-
ciple. de Souza et al. (2020) proposed a weighted
average based on both even and odd components as
an alternative to the reduction-to-the-pole lIter.

We use the relationship betweenf 5(x) and f 2(x)
based on Hilbert transform to obtain a reconstructed
symmetric anomaly without having to displace the
origin of the coordinate system to the dike's center.
This approach can generalize the above studies to
the case of multiple dikes and other two-dimensional
structures. As de Souza et al. (2020) pointed out, the
reconstructed anomaly allows the use of depth estima-
tion techniques developed for anomalies with vertical
magnetization (e.g., Phillips et al., 2007; Salem et al.,
2007; Oliveira et al., 2017). Similarly to Paine et al.
(2001) and Pilkington and Beiki (2013), the recon-
struction algorithm can be employed in an inversion
code to reduce the in uence of remanent magnetism.

THEORY AND METHODS
Let us initially consider the following model of a mag-

netic anomaly due to a single dike centered akq (Mc-
Grath and Hood, 1970; de Souza et al., 2020)

f (x) = cos QAf 3(x) + sin QAf 3(x); Q)
fS(x)=tan 1X X018 n1X X0 a5
Zo Zo
1 (X Xo+a)?+2z3
a - - .
e = 2In (X xo a)2+2z3 3)

The x axis is perpendicular to the strike of the
dike. The model parameters are as followsa is the
half-width, z, is the depth to the top of the dike from
the plane of observation, A is the amplitude factor,
and Q is the e ective dip angle. A similar formula ap-
plies to nite steps (Nabighian, 1972; Ram Babu and
Atchuta Rao, 1991). ParametersA and Q are given
as follows:

8
< P =sin%i +cos?icog d;

A =2Jbcsin ; (4)

2 =sin?| +cos?| co€D;

8

< tan =tan i=cosd;
Q= + 90 ; )

tan =tan |I=cosD;

where J is the total magnetization intensity and

is the geologic dip angle, while(i;d) and (I;D ) are
the inclination and declination of the resultant mag-
netization and the earth's magnetic eld, respectively
(see Figure 1 McGrath and Hood, 1970, for a
comprehensive view of these parameters).

The dikes' parameters provide valuable informa-
tion for groundwater and hydrocarbon exploration
and crustal evolution studies. For example, the same
tectonic event may have generated dikes with similar
e ective dip angle Q. In addition, the relative crustal
extension can be estimated by calculating the sum of
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the dikes' widths from a pro le taken perpendicularly
to the dike swarm divided by the total pro le length
(Castro et al., 2008). On the other hand, width and
depth to the top can a ect the circulation and ow of
groundwater and hydrocarbon in several ways, such
as compartmentalization, obstruction, and preferen-
tial pathways development (Cavalcante et al., 2020).
As McGrath and Hood (1970) pointed out, the depth
to the top zp can be estimated independently on geo-
logical or magnetization directions assuming the dike
model. This allows a preliminary quantitative inter-
pretation of gravity or magnetic data.

Superscripts s and a in functions 5 and f 2 are
employed to indicate that these functions are respec-
tively symmetric and antisymmetric concerning Xg,
e, f(xo X)=f(Xo+x)andf(xo X)= f(Xo+X).
When xo = 0, symmetric and antisymmetric func-
tions become even and odd, i.ef ( x) = f(x) and
f( x)= f(x) respectively (de Souza et al., 2020).

As pointed out by Ram Babu and Atchuta Rao
(1991), the Hilbert transform of f (x) when xo = 0
is H[f (x)] = COoSQAf 2(x) + sin QAf S(x), thus
H[fs(x)] = f2(x) and H[f2(x)] = fS(x), i.e., 3
and f 2 constitute a Hilbert transform pair. Because
the Hilbert transform is shift-invariant, f*s andf?2 are
a Hilbert transform pair also when x, 6 0. It follows
that the anomaly f (x) and its symmetric component
Af 3(x) satisfy

8

< f (x) = cos QAf S(x)  sinQH [Af S(x)];

6
H[f (x)] = cos QH [Af 5(x)] + sin QAf 3(x): ©
In matrix form, we have
2 3 2 32 3
4 f(x) 5 _ 4cosQ sinQ5 4 Af $(x) 5. (7)
H[f (X)] sinQ  cosQ H [Af 5(x)]

Solving the above system for[Af S(x); H[Af S(x)]]",
we nd
2 3 2

4 Af 5(x) 5_ 4 cosQ
H [Af $(x)]

32 3
sinQ54 f(x) 5.

H[f (x)]

Note that the components of the zero-order analytic
signal (Cooper, 2015) off (x) and Af 5(x) are related
by a classical rotation matrix with angle Q, which
does not change the amplitude of the rotated sig-
nal, hence the transformation from f (x) to Af $(x)
is energy-preserving.

The symmetric anomaly Af $(x) can be obtained
from the rst row in Equation 8:

. (8)
sin@Q cosQ

Af 3(x) = cos Qf (x) +sin QH[f (X)]; 9)
noting that the Hilbert transform can be readily com-
puted in Fourier space (Nabighian, 1972). We re-
mark that the inverse rotation matrix in Equation
8 is merely a transposition that does not involve di-
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vision by sinQ or cosQ, hence Equation 9 does not
involve division by these terms as in Equation 12 of
de Souza et al. (2020), where an ad-hoc weighting fac-
tor w = j cosQj is necessary to avoid instability when
Q=0 orQ =90 . Moreover, the same procedure
can be applied to the spatial derivatives of the total
eld anomaly, since the derivatives of f S and f 2 are
also Hilbert transform pairs.

The case of multiple dikes can be handled simi-
larly. Let us consider

X
f(x) =

i=0
fi(x) = cos QiAif () +sin QiAif ?(x);

fi(x); (10)

where functionsf® and f 5 are de ned analogously as
in Equations 2 and 3:

X Xgi * @ X Xgi a
fs(x)=tan 1Z_ZH " tgn 12201 =
Zo;i Zo;i
(11)
1 (X Xgi+ &)2+ z2
fia(X) — ( 0;i I) 0;i . (12)

=In :
27 (X Xoi @)+ zg;

Since Equation 9 holds for each anomalyf;, we
have from the superposition principle that the sum of
their symmetric components satis es

X
Aif $(x) =
i=0 i=0

cosQ;fi(x) +sin QiH[f; (x)]: (13)

Similarly as de Souza et al. (2020), we refer to
the symmetric pro le de ned by the left-hand side of
Equation 13 as the reconstructed pro le, and denote
it as f'¢. In practice, we cannot obtain f "*¢ from
Equation 13 because the individual anomalies; are
unknown.

We consider two approaches to approximately
compute f "¢, The rst approach is intended to the
case of low variation of the e ective dip angle: if
Qi Q, then Equation 13 reduces to

" #

f'(x)=cosQ  fi(x)+sin QH fi(x)
i=0 i=0

= cos Qf (x) +sin QH [f (X)]; (14)
thus coinciding with the formula for a single anomaly,
Equation 9. The second approach divides the pro le
in intervals [a;;ly] where we assuméf;(x) 0 for
i 6j,ie.,f;(x) f(x) within this interval. In this
case,

f "% (x) = cos Q; f (x)+sin QH[f (x)] for x 2 [a;; b ]:
(15)

Since H[f ;] = fx and H[f«] = f,, we have
the following expressions for the reconstructed par-

tial derivatives:
f72¢(x) = cos Q;f,(x) +sin Q;fx(x) for x 2 [a;h];
(16)

sinQ;f,(x) for x 2 [g;]:
(17)

F1°°(x) = cos Qj Fx ()

We de ne the intervals [g; ; j ] using the local min-
ima of the tilt angle of the zero-order analytic signal
amplitude (Cooper, 2014):

1 @SOZ@Z_

TAS =tan —;
° j@\So=@K

ASo= | TP+ HIT:

(18)
Similarly as in Cooper and Cowan (2006), approx-
imating the vertical derivative of ASy in the frequency
domain provides better results than its analytical ex-
pression
@\So _ f.f + HI[f,JH[f]
@z AS '

Filter TAS, combines the low sensitivity of the an-
alytical signal amplitude to the e ective dip angles Q;
with the amplitude equalization of shallow and deep
sources provided by the tilt angle.

The approximation provided by Equation 15 ne-
glects the in uence of adjacent dikes, producing dis-
continuities between intervals. To mitigate unac-
counted interference, we adjust the base level df "¢
at each interval to the average value of the entire re-
constructed pro le.

The approaches represented by Equations 14 and
15 require estimates of e ective dip angles. We em-
ployed the selection criterion proposed by Danne-
miller and Li (2006), i.e., we selected the angleQ (or
Qj) that maximizes the correlation between vertical
derivative and analytical signal amplitude, i.e.,

(19)

C(Qest) = m(i?n C(Q); (20)
where the correlation function is
c@= gp i VU Y 5y
i (Vi V)2 J(tj t)2

andv; = f°°(xj), tj = P (free(xj))? + (free(x))?
for each point x;, while v and t are their mean val-
ues. To obtain the estimates forQ;, we constrain x;
to the interval [a ;] as in Equation 15.

We illustrate the use of the reconstructed pro les
to estimate depth of the dikes using, for comparison,
the Signum-transform method (de Souza and Ferreira,
2012; Weihermann et al., 2018) and Euler deconvo-
lution (Thompson, 1982). In the Signum-transform
method, the depth to the top z; is estimated as fol-
lows:

5 (22)

wherex, and x, are half of the interval lengths where
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the Signum transforms off , andf, j f4j are positive,
respectively. The Signum transform of a functiong(x)

is de ned as

8
<

ST[g(x)] = : g(x)ga(x)j; g(x) 60;

1 g(x)=0:

(23)

As the Signum-transform method assumes the ef-
fective dip angle Q = 0, we approximate the eld
derivatives by the reconstructed pro les of f, and f,.
We compute x, and Xy, using the algorithm EdgeDe-
tectPFI (Oliveira et al., 2017).

Euler deconvolution for prole data consists in
nding the coordinates (xo;zo) of the source center
and a regional eld B corresponding to the least-
squares solution of

(x  xo)fx+(z

2)f,=N(B f); x2W, (24

scans the pro le. The Euler deconvolution algorithm
does not require symmetric pro les for the dike model
(Reid et al., 1990). Thus, it may be applied to the
original pro le or its reconstruction. As it will be seen
later, the depth estimates from reconstructed and
original pro les are similar, so one can infer that the
reconstructed and original pro les are consistent. We
use the structural index N=1 and a moving window
of NW =10 points. Moreover, we select the solutions
that satisfy the acceptance criterionzp=(N ,,) 20
(Thompson, 1982).

To cope with noisy data, we employ the integrated
second vertical derivative (ISVD), which is more sta-
ble than the usual Fourier method (Fedi and Florio,
2001). Moreover, if local maxima of TASy and the
special function S(x;z) are less than 100 m apart,
only the highest one is retained.

The steps of the proposed decomposition are the

following:

1. Calculate horizontal and vertical derivatives of
the pro le;

2.Evaluate the TAS, (Eq. 18) and locate its min-
ima;

3. For each pair [a ;] of adjacent minima of
TASoi
3.1. Estimate the e ective dip angle Q; using
Equation 20;
3.2. Calculate the reconstructed pro le and its
derivatives (Eqgs. 15, 16, and 17);

4. Adjust the base level off ¢
4.1. Compute the average valueg re¢ of the re-
constructed pro le;
4.2. For each pair[a; ; by ] of adjacent minima of
TAS:
4.2.1. De ne a straight line rj from f (&) to
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f rec (h )’

4.2.2. Subtractr; from the reconstructed pro-
le;

4.3. Add to the outcome of Step 4.2 the average
value f 'e¢ from Step 4.1 to obtain the corrected
pro le.

RESULTS AND DISCUSSION

In the following we test the reconstruction formula
(Eq. 9), which we refer to as Hilbert Transform De-
composition (HTD), with examples of synthetic and
eld proles generated by multiple dike-like struc-
tures. We obtain reconstructed pro les of the to-
tal eld anomaly (TFA) and its vertical derivative
(VDR). For eld data, we also compare the HTD
pro les with those obtained by reduction-to-the-pole
(RTP).

Synthetic examples

Let us consider a model of ve dikes equally spaced
by 500 m, whose coordinates of the centers and other
parameters are indicated in Table 1. The dikes are il-
lustrated in Figure 1. The sampling interval is 10 m.
The magnetic anomalies are contaminated with stan-
dard Gaussian noise with a maximum noise amplitude
equal 1% of the maximum anomaly amplitude. We
consider the scenarios of the low and high variability
of the e ective dip angle Q, using the reconstruction
formula given by Equations 14 and 15, respectively.

Figure 1: (a) Total eld anomaly (TFA) generated by
ve dikes in the scenario of low variability of the ef-
fective dip angle (Table 1) contaminated by Gaussian
noise of amplitude equal 1% of the data amplitude.
(b) HTD reconstruction of the TFA. (c) HTD recon-
struction of the VDR. The reconstructed pro les are
compared with the noise-free symmetric part of the
pro le (Theo). For simplicity, the dikes are plotted
with a vertical dip.
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Table 1: Parameters of the model of ve dikes. Two sets of e ective dip angles are provided, to account for

scenarios of low (*) and high (**) variability.

Parameter Dike 1 Dike 2 Dike 3 Dike 4 Dike 5
Depth (m) 50 75 100 150 125
Half-width (m) 40 20 60 100 80
Amplitude (nT) 200 200 200 200 200
Coordinate of center (m) 200 760 1340 2000 2680
E ective dip angle (deg) -55 -60 -63 -58 -64
E ective dip angle (deg) -60 30 -10 60 90

In Figure 1 we present the noise-corrupted TFA
(Figure 1a) and the reconstructed pro les (Figures
1b and 1c) in the scenario of low variability of Q.
The reconstructed TFA pro le obtained using Equa-
tion 14 is shifted to the theoretical, noise-free sym-
metric anomaly, as shown in Figure 1b, because the
Hilbert transform needs to handle slow-decaying sig-
nals well (de Souza et al., 2020). On the other hand,
the VDR decays more rapidly than the TFA and the
reconstructed VDR obtained by HTD is better tted
to the theoretical one (Figure 1c). The e ective dip
angle obtained from Equation 20 waQest = 5475,
while the true average angle isQ = 60 (see Table
1).

Let us now present the HTD reconstructed pro-
le's use to estimate source depths from the pro le
shown in Figure 2a. The depth estimates based on the
Signum-transform method using the original (TFA)
and the reconstructed (HTD) pro les are presented
in Figure 3a. The high discrepancy of the estimates
obtained by TFA in Dike 5 (whose e ective dip angle
is 90 ) con rms that this method is sensitive to the
magnetization direction and works better with sym-
metrical input data such as HTD. Figure 3b shows the
depth estimates by Euler deconvolution using TFA
and HTD proles as in Figure 3a. The dierences
between the estimates using the original or the re-
constructed pro le are insigni cant except for Dike 4,
whose estimates are obtained only by TFA and are
less accurate. The Signum-transform method pro-
vided accurate depths for all dikes, while Euler de-
convolution tends to overestimate the depth of the
deeper ones.

Let us proceed to the scenario of the high vari-
ability of Q. The TFA calculated in this scenario is
shown in Figure 2a. In contrast, the reconstructed
pro les are shown in Figures 2b and 2c. Except for
the deeper dike (Dike 4), theoretical and HTD recon-
structed anomalies are concordant.

Figure 4a compares theTASy with the analytic
signal amplitude (ASA). Unlike ASA, the peaks of
TAS, have about the same amplitude, regardless
of the depth of the source, hence are more clearly
identi able. We consider the local maxima of TASg
corresponding to at least 80% of the absolute max-
imum and select each local minimum between two
adjacent maxima. The approximate e ective dip an-
gles are illustrated in Figure 4b. Figure 4c illustrates
the base-level adjustment of the reconstructed pro le.

Figure 2: (a) Total eld anomaly (TFA) generated by
ve dikes in the scenario of high variability of the ef-
fective dip angle (Table 1) contaminated by Gaussian
noise of amplitude equal 1% of the data amplitude.
(b) HTD reconstruction of the TFA. (c) HTD recon-
struction of the VDR. The reconstructed pro les are
compared with the noise-free symmetric part of the
pro le (Theo).
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The last experiment concerns the in uence of o -
set in the approximation of the e ective dip angles
(Table 2), reconstructed pro les (Figures 5 and 6),
and depth estimates (Figures 7 and 8). The o sets
between Dikes 2, 3, and 4 are successively increased
from 100 m to 400 m. The reconstructed TFA is
strongly aected by interference between sources.

Figure 3: Depth estimates for the magnetic pro le
shown in Figure 2a: (a) Signum transform using the
original (TFA) and reconstructed (HTD) pro les; (b)
Euler deconvolution using TFA and HTD.

Figure 4: (a) TAS, (blue) and ASA (red) of the data
in Figure 2a. Circles and squares denote relative max-
ima and minima of TASy, respectively. (b) E ective
dip angles estimated according to Equation 20 (red)
and the exact angles (blue, see Table 1). (c) Base
level adjustment of the reconstructed pro le obtained
from the data in Figure 2(a). The local base levels
(dashed) are adjusted to the average value of the re-
constructed pro le (dotted).
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The base levels at the central intervals are not appro-
priately determined (Figure 5). On the other hand,
the anomalies are separated in the VDR, whose re-
constructed pro les are accurate up to noise e ects
except when the o set is 100 m (Figure 6). These re-
sults suggest that our method may have a resolution
limit of 200 m for dikes having about the same widths
as in Table 1, which are intentionally more compre-
hensive for visualization purposes. Above this limit,
depth estimates have shown to be robust concerning
interference. Estimates from Signum transform using
HTD, which depend on the reconstructed horizontal
and vertical derivatives, are similar for all o sets on
Dikes 1,2, and 5 (Figure 7). Estimates from Euler
deconvolution (Figure 8) essentially follow the same
pattern as in Figure 3b. Even though Euler deconvo-
lution with HTD depends on the reconstructed TFA,
which is a ected by interference in the central part
of the prole as shown in Figure 5, Euler solutions
obtained by HTD have similar accuracy as those ob-
tained with TFA (Figure 8). A possible explanation
is that the inaccuracy in the base level will have more
impact on the regional eld parameter B (Eq. 24)
than in the source location (Xo; zo).

Figure 5: Theoretical (Theo) and HTD reconstructed
pro les with o sets of 100 m (a), 200 m (b), 300 m
(c), and 400 m (d) between Dikes 2, 3, and 4. The
reconstructed pro le with an o set of 500 m is shown
in Figure 4a.
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Table 2: Calculated e ective dip angles in terms of the o set between Dikes 2, 3, and 4.

Dike 1 2 3 4 5

Q (deg) -60 30 10 60 90

Oset(m) Qest (deg) Qest (deg) Qest (deg) Qest (deg) Qest (deg)
100 -56.75 88.00 -47.00 75.55 90.25
200 -56.75 55.25 -33.00 94.25 91.25
300 -58.75 37.25 -24.00 91.25 92.75
400 -58.25 35.25 -19.75 87.00 93.75
500 -59.50 34.00 -18.00 82.75 95.00

Figure 6: Theoretical (Theo) and HTD reconstructed
VDR pro les with o sets of 100 m (a), 200 m (b), 300
m (c), and 400 m (d) between Dikes 2, 3, and 4. The
reconstructed VDR with an o set of 500 m is shown
in Figure 4b.

Field example
Our study area is located in the Ponta Grossa Arch
(PGA), southern Brazil, which has been the subject
of several recent studies €.g., Strugale et al., 2007;
Gomes et al., 2011; Louro et al.,, 2019; Cavalcante
et al., 2020).

A major feature of the PGA structural frame-
work, presented by Ferreira (1982), is the presence of
four magnetic lineaments, namely Guapiara (north-

ern limit), S&o Jerdnimo-Curilva and Rio Alonzo
(central region), and Rio Piquiri (southern limit), as
indicated in Figure 9. These lineaments extend over
600 km in the NW-SE direction and are related to
diabase dike swarms.

We use a pro le obtained from the ground mag-
netic survey by Castro et al. (2008). The prole is
12224 m long in the NE-SW direction, with a sam-
pling interval of approximately 25 m. The geological
map of the Ponta Grossa Arch and the location of the
magnetic pro le are indicated in Figure 9.

Figure 7: Depth estimates with Signum transform us-
ing the original (TFA) and reconstructed (HTD) pro-
les with o sets of 100 m (a), 200 m (b), 300 m (c),
and 400 m (d) between Dikes 2, 3, and 4. Depth es-
timates with an o set of 500 m are shown in Figure
3a.
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