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INSIGHTS ON PP AND PS REFLECTION COEFFICIENTS AT POROELASTIC SEISMIC HORIZONS

José Sampaio de Oliveira and Jorge Leonardo Martins

ABSTRACT. In oil and gas exploration, the seismic reflection method aims at obtaining information from subsurface and generating geological models based on
travel times and amplitudes of recorded seismograms. In this context the poroelasticity theory is generally used as a good approximation for studying the seismic

response of oil and gas reservoirs. As the reflection coefficients in poroelastic media have a very complex mathematical formulation, the dependence of such coefficients
on fundamental poroelastic and petrophysical parameters remains poorly investigated. In this paper, we study the dependence of poroelastic reflection coefficients on

petrophysical (i.e., the physical properties of the media) and data acquisition (i.e., the frequency of investigation and the angle of incidence) parameters. In order to
investigate such a dependence, we use geologic models having a descontinuity interface between a clastic reservoir overlying a calcareous rock. We then construct

3D plots displaying the magnitudes of fast P-wave (RPP ) and converted S-wave (RPS ) reflection coefficients in saturated poroelastic media as a function of two

specific variables. As the main petrophysical property, we considered the reservoir porosity φ varying from 5 to 30%. By assuming the angle of incidence θ as one
of the variables of the dependence (i.e., 0◦ ≤ θ ≤ 40◦), we indirectly investigate the influence of the source-to-receiver distance on the reflection coefficients.

As for the frequency of investigation presumably carried by the seismic source, we selected the following interval: from 10 to 200 Hz. Absolute differences between
the correspondent poroelastic and purely elastic reflection coefficients provided a way to select the most important poroelastic parameters which similarly affect the

elastic coefficients. The reservoir porosity showed to be the most important dependence parameter in the variation of the reflection coefficients, either in poroelastic or

in purely elastic media.

Keywords: reflection coefficients, poroelasticity, porosity, frequency investigation, incidence angle.

RESUMO. Na área de exploração de petróleo e gás, o método de reflexão sı́smica visa a obtenção de informações de subsuperf́ıcie e a construção de modelos

geológicos com base no tempo de percurso e nas amplitudes dos sismogramas. Neste contexto, a teoria da poroelasticidade é geralmente usada como uma boa

aproximação para o estudo da resposta sı́smica de reservatórios de petróleo e gás. Como os coeficientes de reflexão em meios poroelásticos possuem uma formulação
matemática muito complexa, a dependência de tais coeficientes sobre parâmetros poroelásticos e petrof́ısicos fundamentais permanece pouco estudada. Neste trabalho,

estudamos a dependência dos coeficientes de reflexão poroelásticos sobre parâmetros petrof́ısicos (i.e., propriedades f́ısicas dos meios) e de aquisição de dados (i.e.,
a frequência de investigação e o ângulo de incidência). A fim de investigar a tal dependência, usamos modelos geológicos com uma interface de descontinuidade

entre um reservatório clástico sobreposto a uma rocha calcária. Então, construı́mos gráficos 3D representando as magnitudes dos coeficientes de reflexão para a

onda P rápida (RPP ) e para a onda S convertida (RPS ) em meios poroelásticos saturados em função de duas variáveis especı́ficas. Consideramos a porosidade
φ do reservatório como a principal propriedade petrof́ısica, variando de 5 a 30%. Ao assumir o ângulo de incidência θ como uma das variáveis da dependência

(i.e., 0◦ ≤ θ ≤ 40◦), investigamos indiretamente a influência da distância da fonte ao receptor sobre os coeficientes de refleão. Quanto à frequência de investigação
presumivelmente transportada pela fonte sı́smica, selecionamos o seguinte intervalo: de 10 a 200 Hz. As diferenças absolutas entre os correspondentes coeficientes

de reflexão poroelásticos e puramente elásticos fornecem uma maneira de selecionar os parâmetros poroelásticos mais importantes que afetam de forma semelhante os
coeficientes elásticos. A porosidade do reservatório mostrou ser o parâmetro mais importante na dependência dos coeficientes de reflexão, seja em meios poroelásticos

ou em meios puramente elásticos.
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INTRODUCTION
Amplitude-versus-offset (AVO) analysis represents a very impor-
tant technique applied to oil and gas exploration. To implement
an AVO analysis, use of a suitable approximation for the reflec-
tion coefficient is fundamental (Shuey, 1985; Wang, 1999). In
this way, several parameterization for the reflection coefficient can
be obtained. Bortfeld (1961) applied an approximation that com-
bined distinct elastic properties and are prone to AVO inversion.
Ostrander (1984) showed that gas-related amplitudes anomalies
can be studied using a reflection coefficient approximation as a
function of Poisson’s ratio. In order to incorporate effects of seis-
mic anisotropy, Vavryc̆uk & Ps̆enc̆ýk (1998) derived approximate
expressions for reflection coefficients at plane interfaces separat-
ing two media with generic anisotropy symmetry. Their approxi-
mation are expressed as a function of the Thomsen’s anisotropy
parameters ε, γ and δ which has intuitive sense, and are esti-
mated in function of seismic velocities (Thomsen, 1986). In sum-
mary, different types of approaches can be used for describing re-
flection coefficients at an interface separating two geological me-
dia. Moreover, the initial assumptions for the media determine the
structural complexity of the exact formula for the reflection coef-
ficient. Classically, Zoeppritz (1919) considered both geological
media as homogeneous elastic solids. However, homogeneous
sedimentary layers, generally beddings, are better approximated
as poroelastic materials (Biot, 1956), in view the premise of uni-
form distribution of fluid-saturated porous rocks. For this case
the poroelastic constitutive model provides a better description
of stresses-strain fields based on inclusion of parameters of the
medium. Since then, other investigations have been developed in
order to improve the knowledge of the influence of elastic and
poroelastic theories on seismic reflection amplitudes (Bortfeld,
1961; Biot, 1962).

A good tutorial for the formulation for the exact isotropic elas-
tic reflection coefficients can be found, for instance, in Aki &
Richards (1980) and Ursin & Tjäland (1996). Basically, the steps
for investigating exact reflection coefficients are:

(1) assumption for the properties of the media,

(2) description of all waves in terms of plane waves,

(3) definition of the boundary conditions, and

(4) solving the resultant algebraic linear system of equations
arising from the analysis.

The same steps can be followed for any type of assumption on the
properties of the media involved in reflection coefficient problem.
Nevertheless, the more complicated are both media (i.e., isotropic

elastic, anisotropic elastic or isotropic poroelastic), the more spe-
cific are the boundary conditions. For an incident wave at an in-
terface separating two isotropic poroelastic media, Deresiewicz &
Skalak (1963) proposed a set of six equations as boundary condi-
tions. In order to refine this set of equations, Sharma (2008) de-
rived a correction which represents the fraction of interconnected
porous at the discontinuous interface separating the porous lay-
ers. Such an imperfection in the interface can represent slipping,
consequently, degradation of part of the strain energy. Using the
boundary conditions proposed by Deresiewicz & Skalak (1963)
in addition with systems of open and sealed pores, Dennemann
et al. (2002) obtained closed-form expressions for the reflection
and transmission coefficients considering an incident wave at an
interface separating an inviscid fluid and an isotropic poroelas-
tic medium. Their work showed the complexity in the treatment
of the reflection coefficient problem for poroelastic media in the
case of a frequency-dependent investigation. Similarly, consid-
ering two isotropic poroelastic layers separated by a discontinu-
ity interface, Gurevich et al. (2004) defined reflection and trans-
mission coefficients for a normal incidence P-wave. In this in-
stance, the reflection coefficients for fast and slow compressional
waves are presented in simple forms supporting the limitation
of near offsets. Using the seismic speeds and attenuation mod-
els proposed by White (1975), Quintal et al. (2011) qualitatively
studied how fluid saturation can affect reflection coefficients in
poroelastic media.

In this work, we study the problem reflection coefficients due
to an incident P-wave at an interface separating two isotropic
poroelastic rocks. More precisely, we numerically investigate the
dependence of the exact, fast P-wave (RPP ) and converted S-
wave (RPS ) reflection coefficients on some critical petrophysical
and data acquisition parameters. For this research were investi-
gated as petrophysical parameters lithology, density, permeability
and porosity. However we suppose as petrophysical variable only
the porosity φ from the upper medium, while the variable para-
meters of data acquisition are the dominant frequency of seismic
investigation f and the incidence angle θ. In order to analyze the
parameter dependence, we use geologic models having a descon-
tinuity interface between a clastic reservoir overlying a calcareous
rock. We then construct 3D plots displaying the magnitudes of
the RPP and the RPS reflection coefficients in saturated poro-
elastic media as a function of two specific variables. Absolute
differences between the correspondent poroelastic and purely
elastic reflection coefficients provided a way to select the most
important poroelastic parameters which similarly affect the elastic
coefficient. The reservoir porosity showed to be the most critical
parameter to estimate variation of the coefficients.

Revista Brasileira de Geof́ısica, Vol. 33(4), 2015



�

�

“main” — 2018/3/6 — 11:38 — page 613 — #3
�

�

�

�

�

�

OLIVEIRA JS & MARTINS JL 613

METHODOLOGY

This section shows the basic steps for the mathematical formu-
lation of exact reflection coefficients. The geological model is
formed by a discontinuity interface separating two homogeneous
isotropic, elastic and poroelastic, layers. Although the exact for-
mula for the isotropic elastic reflection coefficient is structurally
very complicated because of the great number of terms, useful
approximations can be found in the literature. In this way the ap-
proximate formulae provide insights on the dependence of the
reflection coefficients on petrophysical parameters. See, for in-
stance, the classical linearized approach derived in Aki & Richards
(1980). On the other hand, assumption of poroelastic layer for
the geological model under analysis makes the complexity of
the exact formulae for reflection coefficients even greater. Due to
such a complexity, below we indicate the steps for evaluating the
coefficients, while calculations are accomplished numerically in
the results section.

Reflection coefficients for elastic media
Using a set of four elastic equations, Zoeppritz (1919) described
the energy partition of waves generated after the incident of a P-
wave at a discontinuity interface separating two homogeneous
isotropic elastic layers. The reflection coefficients depend on
the properties of both media separated by the interface, namely,
compressional- and shear-wave propagation velocities and den-
sities. Here, the upper and lower layer are distinguished with in-
dex 1 and 2, respectively. Assuming an incident P-wave and for
a wide range of incidences, Zoeppritz’s equations can be obtained
by applying the continuity conditions through the interface, as
follows:

1. uz1 = uz2,

2. ux1 = ux2 ,

3. τ zz1 = τ zz2 , and

4. τ zx1 = τ zx2 ,

where the axes z and x are taken normal and parallel to inter-
face, respectively. The conditions 1 and 2 describes normal and
parallel particle displacements of the medium related to interface.
The conditions 3 and 4 are used for representing the normal and
tangential stresses at the interface. The conditions above must
be considered as the contribution of a set of waves propagating
through individual layers. That is, incident and reflected waves
propagate in the upper layer, while transmitted waves propagate
in the lower layer. In order to simplify the problem, the incidence

is considered in the same plane of P-wave polarization. Hence,
shear waves with horizontal polarization are neglected from the
analysis. Formally, the particle displacement for the upper u1 and
lower u2 layers are written in the form of harmonic waves:

ul1 = A
l exp[ i w (p.x− t) ]

+

2∑
j=1

Al Rj exp[ i w (p.x− t) ],
(1)

and

ul2 =

2∑
j=1

Al Tj exp[ i w (p.x− t) ], (2)

where i stands for imaginary unit and l = x, z. In the upper
layer, the full wave motion evaluated in Eq. (1) along directions
x and z are combined by one incident P-wave and two reflected
waves (i.e, j = 1, 2) corresponding to one P-wave and one S-
wave. As Eq. (2) shows, only two transmitted waves (one com-
pressional and one shear) contribute to the particle displacement
in medium 2. The terms Al in Eqs. (1) and (2) are the ampli-
tudes of correspondent waves. Vector p represents the normal-
ized slowness, i.e, N/V , where N, V and x are the direction
of phase propagation, the phase velocity and the position vec-
tor with components (x, z), respectively. The energy partition
for the generated waves at the interface is represented by the re-
flection and transmission coefficients, Rj and Tj , respectively.
The conditions 3 and 4 must be expanded using the well-known
Hooke’s law:

τkl = λ δkl ejj + 2μ ekl. (3)

For a homogeneous isotropic elastic media, the stresses depends
only on Lamé’s parameters λ and μ. The terms ejj and ekl
correspond to the dilatation and to the shear strain tensor. By
inserting Eqs. (1-3) into the set of boundary conditions 1-4, the
resulting algebraic system of linear equations can be written in
matrix form as:

Amn Xn = Ym, (4)

in which the factors of displacement-stress are represented by
matrix Amn. The column vector Ym contains the independent
terms of the linear system that are associated with the incident
wave. The excitation factors Rj and Tj form the column vector
Xn, representing the unknowns to be evaluated. In this paper,
we analyze only two coefficients, namely, the PP-wave reflection
coefficient (RPP ) and the converted P-to-S reflection coefficient
(RPS ). In compact form, the exact expressions for calculating

Brazilian Journal of Geophysics, Vol. 33(4), 2015
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RPP and RPS are (Aki & Richards, 1980; Ursin & Tjäland,
1996):

RPP =
A+ B −C −D + E − F
A+ B +C +D + E + F

(5)

and
RPS =

−(M +N)
A +B +C +D +E + F

. (6)

The parameters of Eqs. (5) and (6) are defined as follows:

A = q2p2P1Q1P2Q2,

B = ρ1ρ2VS1VP2P1Q2,

C = ρ1ρ2VP1VS2Q1P2,

D = VP1VS1P2Q2Y
2,

E = VP2VS2P1Q1X
2,

F = VP1VP2VS1VS2p
2Z2,

M = 2VP1pqP1P2Q2Y and

N = 2VP1pVP2VS2P1XZ,

(7)

where
q = 2(ρ2V

2
S2 − ρ1V 2S1),

X = ρ2 − qp2,
Y = ρ1 + qp

2,

Z = ρ2 − ρ1 − qp2,
P1 =

√
1− V 2P1p2,

Q1 =
√
1− V 2S1p2,

P2 =
√
1− V 2P2p2 and

Q2 =
√
1− V 2S2p2.

(8)

In the form as above, the information about the angle of incidence
is introduced into the reflection coefficients by the ray parame-
ter p, and the quantities P1, P2, Q1 and Q2 corresponding to
the cosines of reflection and transmission angles, respectively.
As mentioned in the beginning, the exact elastic reflection coeffi-
cients depend only on velocities and densities of the media under
study. In practice, reflection coefficients are manipulated using in
inverse methodologies (Yilmaz, 1987). Taking prestack recorded
seismograms, the reflection coefficients are fitted to amplitudes
and petrophysical parameters are estimated (Shuey, 1985). For
geological interpretation, petrophysical parameters can help char-
acterizing sedimentary layers possibly working as oil and gas
reservoirs. To obtain such an indication, simple expressions for
the reflection coefficients can be derived by applying different

methodologies on exact formulas (Ursin & Dahl, 1992; Wang,
1999). For instance, Ursin & Dahl (1992) treated the exact for-
mula for the reflection coefficients simulating an acquisition ge-
ometry where offset between source and receivers tends to zero.
In this way, a second-order approach is introduced in the mathe-
matical formulation. The reflection coefficients were simplified by
Wang (1999), assuming a pseudo-approximation for the ray pa-
rameter on Eqs. (5) and (6), and expanding only selected terms.
Wang (1999) then derived approximated expressions depending
on nonlinear contributions of the elastic parameters.

Concerning the objectives of this work, we evaluated only the
response of exact elastic and poroelastic reflection coefficients for
a selected geologic model. In other words, we neglect the lin-
earized expressions. In the next section, we present the steps for
determination of exact isotropic poroelastic reflection coefficients.

Reflection coefficients for poroelastic media
The assumption of a biphasic medium, i.e., porous rocks par-
tially or fully saturated with a fluid, can increase enormously the
complexity of the exact expressions for reflection coefficients.
Biot (1956) fully described the theory for wave propagation in
a fluid-saturated porous solid and discussed the corresponding
implications. Deresiewicz & Skalak (1963) checked Biot’s theory
using energy considerations of an incident wave at an interface
separating two isotropic poroelastic layers. As a whole, the math-
ematical formulation of reflection coefficients in poroelastic media
is similar to the elastic case. However, more two boundary condi-
tions must be incorporated in poroelastic media. One additional
boundary condition guarantees the continuity of the pressure field
P f ; the other explains the relative displacement between solid
and fluid wz along the direction normal to the interface. The set
of six boundary conditions are then written as:

1. u
′z
1 = u

′z
2 ,

2. u
′x
1 = u

′x
2 ,

3. τ
′zz
1 = τ

′zz
2 ,

4. τ
′zx
1 = τ

′zx
2 ,

5. wz1 = wz2 and

6. P f1 = P
f
2 .

The boundary conditions 5 and 6 are introduced in the poroelas-
tic reflection coefficient problem as a consequence of assuming
a biphasic medium. By applying the preceding boundary condi-
tions, it is possible to derive six coefficients instead of four as
discussed in the elastic case. The additional two coefficients

Revista Brasileira de Geof́ısica, Vol. 33(4), 2015
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correspond to small-velocity transmitted and reflected compres-
sional waves, that is, waves with velocity smaller than the con-
ventional P-wave. As a result, a new terminology is used: Biot’s
wave or simply slow P-wave. The slow P-wave is predicted by the
theory and is recorded using an acquisition geometry for charac-
teristic frequencies of investigation.

Using plane-wave solutions to the particle displacements
analogous to the in elastic case, and now for the relative displace-
ment between solid and fluid w, the boundary conditions 1, 2
and 5 incorporate the slow P-wave into the reflection and trans-
mission problem in poroelastic media. For the upper medium,
u
′l
1 and wz1 are written as:

u
′l
1 = A

′l exp[ i w (p.x− t) ]

+

3∑
j=1

A′l R
′
j exp[ i w (p.x− t) ]

(9)

and
wz1 = B

′z exp[ i w (p.x− t) ]

+

3∑
j=1

B′z R′j exp[ i w (p.x− t) ].
(10)

For lower medium, u
′b
l and wbz are written as:

u
′l
2 =

3∑
j=1

A′l T ′j exp[ i w (p.x− t) ] (11)

and

wz2 =

3∑
j=1

B′z T ′j exp[ i w (p.x− t) ], (12)

where l = x, z. At the separating interface of both media, the
continuity of stresses in the boundary conditions 3 and 4 can be
estimated using the generalized Hooke’s law for poroelastic media
(Biot, 1962):

τkl = [ (H − 2μ) ejj − C ξ ] δkl + 2μ ekl. (13)

The constitutive relation in the preceding equation requires a
greater number of physical constants to describe soils under load
if compared with stress-strain relation used to modeling elastic
rocks - see Eq. (3). The constants introduced on poroelastic the-
ory are required mainly by the effects of pore-pressure and fluid
saturation. In this case, normal stresses (δkl = 1 for k = l)
introduce an additional contribution to the problem under analy-
sis through the poroelastic constantsH ,C ,M and σ, evaluated

as follows (Biot, 1962):

H = Ksat +
4

3
μ + σ C, (14)

C = σM, (15)

M =
Kg Kf

Kg φ+Kf (σ − φ) (16)

and

σ = 1− Kma
Kg
. (17)

Noticeable is the direct dependence of the preceding poroelas-
tic constants on the bulk moduli of the rock matrixKma , on the
fluid saturationKf , on the predominant solid grainsKg , on the
porosity φ, and on the shear modulus μ. The termKsat stands
for saturated bulk modulus of the rock.

The boundary condition 6 concerns the continuity of the
pressure field. As shown in Biot (1956), the pressure field P de-
pends on the poroelastic constants related in Eqs. (14-17). As
expected, the pressure field also depends on the solid dilatation
ejj , that is:

P =M ξ − C ejj. (18)

where ξ = φ∇.w, for w defined as the difference between the
solid and fluid particle displacements – see in Eq. (A1) of the
Appendix.

This brief discussion about how to expand the boundary con-
ditions proposed by Deresiewicz & Skalak (1963) provides the
derivation of a linear system of algebraic equations to determinate
the reflection and transmission coefficients in poroelastic media.
Equations (9-12) form the continuity conditions for solid grains
displacement and relative displacement between solid and fluid.
The relations for the continuity of stresses and the pressure field
are established by Eqs. (13) and (18) in addition to Eqs. (9-12).
As a result, the linear system of six algebraic equations can be
expressed in matrix form as:

Āmn X̄n = Ȳm. (19)

That is: the coefficients matrix X̄n has six terms correspond-
ing to three reflected and three transmitted waves. The additional
two coefficients in comparison with elastic case – see Eq. (4)
– correspond to reflection and transmission coefficients of the
slow P-wave.

Unfortunately, due to the amount of constants involved in
the poroelastic case, a treatable analytical solution for reflection
and transmission coefficients is impossible to derive. In the next
section, we generate the coefficient numerically, by calculating

Brazilian Journal of Geophysics, Vol. 33(4), 2015
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matrix X̄n in Eq. (19). Note that only the fast P-wave reflec-
tion coefficient (RporoPP ) and the converted shear-wave reflection
coefficient (RporoPS ) in poroelastic media are considered. The
superscript “poro” emphasizes the approximation for the me-
dia forming the geological model under consideration, namely,
formed by homogeneous isotropic poroelastic media.

RESULTS
In this section, we numerically investigate the parameter de-
pendence of the exact reflection coefficients in homogeneous
isotropic poroelastic media. We focus on the parameter depen-
dence of the generated fast P-wave (RporoPP ) and the converted
S-wave (RporoPS ) reflection coefficients. As mentioned above, the
geological model consists of a discontinuity interface separating
two homogeneous isotropic poroelastic media. A fast incident P-
wave is assumed to impinge on the discontinuity interface from
the upper poroelastic layer. The upper layer represents a clas-
tic reservoir rock, while the lower sealing layer simulates a car-
bonate rock. The fluid saturation was considered as water in both
layers to simulate the continuity of reservoir. The pores were as-
sumed fully saturated to evidence the effects of fluid saturation
and pore pressure. Although has considered water as fluid sat-
uration, this study also can be applied for hydrocarbon in view
of theoretical response of poroelasticity. The basic values for the
physical properties of dry rocks (i.e., bulk density ρma and in-
compressibility Kg of the rock matrix, and the velocities VP and
VS ) are shown in Table 1. These values are relevant for calcula-
tion of the poroelastic constants defined in the poroelastic the-
ory (Biot, 1956; Gassmann, 1951; Wyllie et al., 1958) – see the
Appendix.

In order to evaluate the poroelastic reflection coefficients
RporoPP and RporoPS at the interface of the proposed geological
model, we considered the reservoir porosity (i.e., φ1 for the up-
per layer), the frequency content of the seismic source f and the
incidence angle θ as the main parameters of the dependence. We
retained the porosity constant for the lower layer (i.e., φ2 = 5%),
as long as it simulated a sealing carbonate rock. Then, we provide
numerical calculation of RporoPP and RporoPS using the following
range of variation for the dependence parameters: 5% ≤ φ1 ≤
30%, 0◦ ≤ θ ≤ 40◦ and 10 Hz ≤ f ≤ 200 Hz. By assuming
the indicence angle θ as a dependence parameter, we envisage in-
directly studying the influence of the source-to-receiver distances
(i.e., of the offsets used in acquisition geometries for seismic sur-
veys) on poroelastic reflection amplitudes. We further represent
the poroelastic reflection coefficients using 3D plots. The coef-
ficients are displayed along the vertical axis, as the two other
horizontal axes show specific parameters of the dependence.

Figure 1 shows how the coefficients RporoPP vary depending
on the reservoir porosity φ1 and incidence angle θ. In Figure 2,
similar dependence parameters are selected to represent the ab-
solute values of the converted coefficients RporoPS . The choice for
representing the absolute values of the coefficients is explained
because we aimed only at studying the variation of their magni-
tudes. In both figures, calculations of reflection coefficients was
taken assuming the frequency of investigation as f = 100 Hz.
Figure 1 reveals that, for lower reservoir porosities φ1 and inci-
dences near to zero-offset (θ = 0◦), the magnitudes of RporoPP

coefficient reach higher values. The RporoPP coefficients decrease
magnitudes as offset and reservoir porosity increase. Neverthe-
less, in respect to the variation of theRporoPP coefficients, Figure 2
shows an opposite behaviour for the RporoPS coefficients. That is:
the higher magnitudes for theRporoPS coefficients occur as the in-
cidence angle increases and for small values of the reservoir po-
rosity φ1. In addition, increasing the reservoir porosity φ1 leads
to a decrease of the magnitudes of the RporoPS coefficients. This
effect can be interpreted as a consequence of assuming 100%
saturation for the reservoir rock.

In order to compare the magnitudes of reflection coefficients
in elastic and poroelastic media, we calculated the correspond-
ing isotropic elastic coefficients (i.e., RelastPP and RelastPS ) using
Eqs. (5) and (6). The reservoir porosity φ1 and incidence an-
gle θ were also assumed as the same dependence parameters.
For each layer of the geologic model, bulk densities ρb and ve-
locities VP and VS were defined as the same values applied in
the poroelastic experiment. Figures 3 and 4 show the absolute
residuals

∣∣RelastPP − RporoPP

∣∣ and
∣∣RelastPS −RporoPS

∣∣, respec-
tively. The behaviour of these absolute residuals shows signif-
icance only for specific situations. For reservoir porosities be-
low 5% and incidence angles above 15◦ , the absolute difference∣∣RelastPP − RporoPP

∣∣ is higher than 0.5. The maximum absolute
difference value is 1.3 (see Fig. 3). In turn, the absolute differ-
ence for the converted S-wave coefficients

∣∣RelastPS −RporoPS

∣∣
in Figure 4 hardly reaches 0.5, a magnitude which corresponds
to intermediate incidence angles (i.e., 15◦ < θ <25◦ ) and
low reservoir porosities nearly below 8%. As a result, classi-
cal AVO analysis using the converted S-wave isotropic reflection
coefficient approximation can be concentrated at this region of
incidence.

Besides the very distinct parameter dependence in compar-
ison to elastic coefficients, the poroelastic reflection coefficients
also vary with frequency f . This represent a crucial factor in order
to obtain a good vertical resolution and to illuminate the geolog-
ical objectives defined beforehand (Yilmaz, 2001; Rosa, 2010).
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Table 1 – Upper and lower empty rock matrix properties. Velocities of dry rocky frame VP and VS in
(m/s), density ρma in kg/m3, bulk modulus of composed grainsKg in (GPa) and permability coeffi-
cient k in (m2). For the fluid (water) saturated porous reservoir, the physical properties are: 103 kg/m3

for density ρf , 2.4 GPa for incompressibility Kf , and 10–2 Poise for absolute viscosity η.

Properties VP (m/s) VS (m/s) ρma(kg/m3) Kg(GPa) k(m2)

upper 3000 1800 2650 30 10–9

lower 3500 2000 2750 50 10–12

Figure 1 – Fast P-waveRporoPP reflection coefficients in homogeneous isotropic poroelastic media as a function of the incidence angle θ and the reservoir porosity
φ1 , that is,RporoPP (θ, φ1). The frequency investigation is assumed constant f =100 Hz.

Figure 2 – Converted S-wave RporoPS reflection coefficients in homogeneous isotropic poroelastic media as a function of the incidence angle θ and the reservoir
porosity φ1, that is,RporoPS (θ, φ1). The frequency investigation is assumed constant f =100 Hz.
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Figure 3 – Absolute differences between the P-wave reflection coefficients in elastic media and the fast P-wave reflection coefficients in poroelastic media, i.e.,
∣
∣RelastPP −RporoPP

∣
∣. The poroelastic coefficients RporoPP were calculated for a frequency f =100 Hz. Calculations of

∣
∣RelastPP −RporoPP

∣
∣ coefficients took

into account the dependence on the incidence angle θ and reservoir porosity φ1. The geological model is described in the text.

Figure 4 – Absolute differences between the converted S-wave reflection coefficients in elastic media and the converted S-wave reflection coefficients in poroe-
lastic media, i.e.,

∣
∣RelastPS −RporoPS

∣
∣. The poroelastic coefficients RporoPS were calculated for a frequency f =100 Hz. Calculations of

∣
∣RelastPS −RporoPS

∣
∣

coefficients took into account the dependence on the incidence angle θ and reservoir porosity φ1. The geological model is described in the text.

Thus, we also calculated the variations of the poroelastic coeffi-
cients RporoPP and RporoPS varying the reservoir porosity φ1 and
frequency f . However, for interpreting the results, we selected
a constant value for the incidence angle, namely, θ = 15◦ . The
results of the calculations are plotted in Figures 5 and 6, respec-

tively, for the poroelastic RporoPP and RporoPS coefficients. By in-
specting both plots, it can be seen that the poroelastic RporoPP and
RporoPS coefficients hold weak dependence on frequency. Once
again, as the reservoir porosity varies, fluid saturation is the dom-
inant factor affecting the coefficients.
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Figure 5 – Variation for the fast P-wave reflection coefficientRporoPP . The plot shows dependence ofRporoPP coefficients on frequency f and reservoir porosityφ1 .
An intermediate incidence angle is assumed in the calculations (i.e., θ =15◦). The geologic model is described in the text.

Figure 6 – Variation for the converted S-wave reflection coefficientRporoPS . The plot shows dependence ofRporoPS coefficients on frequencyf and reservoir porosity
φ1 . An intermediate incidence angle is assumed in the calculations (i.e., θ =15◦). The geologic model is described in the text.

Also for comparison purposes, we calculated the absolute
differences between elastic and poroelastic P-wave and con-
verted S-wave reflection coefficients as

∣∣RelastPP − RporoPP

∣∣ and∣∣RelastPS − RporoPS

∣∣. Now, the dependence is on the reser-
voir porosity φ1 and frequency f . The results are plotted in
Figures 7 and 8, respectively, for

∣∣RelastPP − RporoPP

∣∣ and∣∣RelastPS − RporoPS

∣∣. In both situations, the influence of fre-
quency f is remarkably insignificant. This is an indication that,

at least for the range used here, the frequency of investigation
hardly promotes large differences in the magnitudes of elastic
and poroelastic reflection coefficients. For frequencies investiga-
tions of the order of ultrasonic frequencies the obtained results
between elastic and poroelastic backgrounds is noticeably differ-
ent as shown in literature (Gurevich et al., 2004). However for
purposes of conventional seismic acquisition are not used the
frequencies of investigation of the order of kHz (Yilmaz, 2001;

Brazilian Journal of Geophysics, Vol. 33(4), 2015
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Figure 7 – Absolute differences between the elastic and poroelastic P-wave reflection coefficients, i.e.,
∣
∣RelastPP −RporoPP

∣
∣. The magnitudes of the absolute

differences vary with the frequency f and the reservoir porosity φ1. An intermediate incidence angle θ =15◦ is assumed in the calculations. The geologic model is
discussed in the text.

Figure 8 – Absolute differences between the elastic and poroelastic converted S-wave reflection coefficients, i.e.,
∣
∣RelastPS −RporoPS

∣
∣. The magnitudes of the

absolute differences vary with the frequency f and the reservoir porosity φ1 . An intermediate incidence angle θ =15◦ is assumed in the calculations. The geologic
model is discussed in the text.

Rosa, 2010). In order to guarantee an even solid analysis, we
present in Table 2 simple statistical measures.

DISCUSSION AND CONCLUSIONS

The AVO technique represent a valuable tool for characterization
of reflection amplitude anomalies. The development of oil and

gas reservoirs can benefit from the estimatives of the petrophys-
ical properties so obtained. In the context of classic AVO anal-
ysis, seismic amplitude data are fitted to linearized expressions
of isotropic elastic reflection coefficients. Nevertheless, fluid-
saturated porous rocks are better approximated by the poroelas-
tic theory, for which linearized expressions for reflection coeffi-
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Table 2 – Statistics for uncertainty analysis of the magnitudes of poroelastic reflection coefficients ofRPP
and RPS , as well as the absolute differences (RelastPP − RporoPP ) and (RelastPS − RporoPS ) in Fig-
ures 1 to 4, on dependence of incidence angle θ and porosity φ1 . (b) Statistics for uncertainty analysis of
the magnitudes of poroelastic reflection coefficients ofRPP andRPS , as well as the absolute differences
(RelastPP −RporoPP ) and (RelastPS −RporoPS ) in Figures 5 to 8, on dependence of frequency f and porosity
φ1. Computation of minimum, maximum and mean values, and standard deviation σ and variance σ2.

(a) RPP (θ, φ1) RPS(θ, φ1)
∣
∣RelastPP − RporoPP

∣
∣
∣
∣RelastPS −RporoPS

∣
∣

min 0.6054 0.0000 0.0148 0.0000
max 2.7673 2.6156 1.3415 0.4781

mean 1.1109 0.8427 0.0955 0.0459

σ 0.3335 0.4976 0.1483 0.0684

σ2 0.1112 0.2476 0.0220 0.0047

(b) RPP (f, φ1) RPS(f, φ1)
∣
∣RelastPP − RporoPP

∣
∣
∣
∣RelastPS −RporoPS

∣
∣

min 1.0301 0.5691 0.0137 0.0119

max 2.4229 1.6152 0.4449 0.4761

mean 1.2497 0.7165 0.0601 0.0635

σ 0.2885 0.2104 0.0680 0.0836

σ2 0.0832 0.0442 0.0046 0.0070

cients are unavailable. As a result, studies on how poroelastic
reflection coefficients varies with petrophysical parameters must
be accomplished numerically.

In this paper, we numerically investigated the variation of
isotropic poroelastic reflection coefficients for the fast P-wave
and converted S-wave, respectively, RporoPP andRporoPS . The geo-
logic model consisted of a discontinuity interface separating two
poroelastic layers. The upper layer simulates a water-saturated
clastic reservoir, while the lower layer represents a sealing car-
bonate rock with constant porosity (i.e., φ2 = 5%). An incident
fast P-wave impinges the interface from above at a given angle
of incidence θ. In order to represent the poroelastic reflection
coefficients, we used 3D plots in which the vertical axis displays
the coefficients. The two other horizontal axes show specific pa-
rameters of the dependence, that is: the reservoir porosity φ1

and the incidence angle θ, or the reservoir porosity φ1 and the
dominant frequency f . The dependence of the coefficients on fre-
quency is an implication from the poroelastic theory. Still, using
the incidence angle θ as a main parameter of the dependence,
we indirectly analyzed the influence of seismic acquisition off-
sets on the reflection amplitudes. Consequently, two fundamental
conclusions can be drawn from the numerical poroelastic re-
flection coefficients presented in Figures 1-8. First, reflection
amplitudes in poroelastic layers have weak dependence on fre-
quency f , at least considering the range used for calculations
(i.e., 10 Hz ≤ f ≤ 200 Hz). Secondly, it can be observed a

strong dependence of reflection coefficients on medium poro-
sity; as shown in the results, such a dependence is even higher
for fluid-filled pores. Still considering porosity, we call attention
to the similarities between reflection coefficients in elastic and
poroelastic media.
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APPENDIX
A brief summary of the theory of wave propagation in poro-
elastic medium is presented below. Details can be found in Biot
(1956). In the low-frequency range, the equations for phase ve-
locities in a poroelastic medium can be derived by starting with
the system of coupled equations (Biot, 1956):

ρb
∂2u

∂t2
+ ρf

∂2w

∂t2

= (λ + μ)∇(∇.u) + μ∇2u+ 2σD∇(∇.w)
(A1)
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and

ρf
∂2u

∂t2
+m

∂2w

∂t2
+
η

k

∂w

∂t

= 2σD∇(∇.u) + 2D∇(∇.w).
(A2)

The above equations describe the propagation of existing waves
in a poroelastic medium. It can be seen that such a propagation
depends on particle displacement u, on mineral grains constitut-
ing the rock frame and on relative displacement w between the
solid and fluid phases of the saturated rock. The uncoupling of
Eqs. (A1) and (A2) reveals the existence of three elastic waves: a
shearing wave (i.e., with transversal mode of vibration), and two
longitudinal waves (i.e., having vibration along the direction of
propagation). One of these longitudinal waves corresponds to the
classical P-wave. The other P-wave has lower velocity in compar-
ison to this classical wave, and is defined as Biot’s wave or slow
P-wave.

The quantities presented in Eqs. (A1) and (A2) are discussed
in several papers. For instance: the mass-coupled coefficient
m, viscosity η and permeability k. The effective density ρb can
be rewrite as a function of contributions of matrix grains ρma
and fluid saturation ρf . For the cases in which the rock matrix
can be considered monomineralogic, the effective density ρb are
determinated as follows (Wyllie et al., 1958):

ρb = (1− φ) ρma + φ ρf , (A3)

where φ is the total porosity of the fully saturated rocks. The
terms σ and D are poroelastic constants, which are defined
by the bulk moduli of rock matrix Kma , of mineral grains Kg
and of fluid Kf . As σ is related in Eq. (17), D is expressed as

follows:

D =
Kg
2

[
σ +

φ

Kf
(Kg −Kf )

]−1
, (A4)

where λ and μ are Lamé’s parameters. The shear modulus μ is
defined as the same for dry or saturated rocks, as already pre-
sented in other works (Toksöz et al., 1976). This quantitiy can be
estimated, in a simplified way, using the S-wave velocity of dry
rocks. Similarly, determination of the bulk modulus of the rock
matrixKma can be accomplished using the P-wave velocity, and
including the fluid saturation effects (Gassmann, 1951):

Ksat = Kg

(
Kma +Q

Kg +Q

)
, (A5)

where

Q =
Kf

φ

(
Kg −Kma
Kg −Kf

)
. (A6)

The resulting equations for calculating fast P- and S-wave veloc-
ities VP and VS in poroelastic medium are (Biot, 1956):

VP =W

√√√√√√
4 σ2D2 − 2DH
ρf (H σP + 2 σD)

−ρb (2 σD σP + 2D)

, (A7)

and

VS =W

√
μ

ρb

(
ρb σS

ρb σS − ρf

)
. (A8)

The quantities σP and σS arise from uncoupling the system of
Eqs. (A1) and (A2):

σP = −(−H ρf kW +H i η φ+ 2Dρb φkW + (H2 ρ2f k2W 2 − 2H2 ρf kW iη φ − 4H ρf k2W 2 Dρb φ

+H2 i2 η2 φ2 + 4H i η φ2D ρb kW + 4D
2 ρ2b φ

2 k2W 2 − 8φk2W 2 H ρ2f σD

+8φ2 kW H ρf σD i η + 8φ
2 k2W 2H ρ2f D + 16φ k

2W 2 σ2D2 ρb ρf

−16φ2 kW σ2D2 ρb i η − 16φ2 k2W 2 σD2 ρb ρf )
1/2/(2φ kW (−H ρf + 2 σD ρb)),

(A9)

and

σS =
1

ρf

(
i η

kW
−m

)
. (A10)

In the equations above, W = 2πf . In most published papers, we found the Eq. (A10) rather than the equation for σP . Here, we
included Eq. (A9) after a mathematical treatment to Eqs. (A1) and (A2) using a algebraic manipulation software.
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