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Abstract 
 
We examine the effects of three relative angles on the nine 
signals of the triaxial induction tensor: 1) wellbore dip 
angle, 2) wellbore azimuth angle, and 3) the tool rotation 
angle around its axis. This study is performed in a basic 1D 
layered cake model, including vertical transversely 
isotropic beds (VTI anisotropy), penetrated by an arbitrary 
LWD trajectory with negligible borehole effects.  
 
Our study shows, geometrically and numerically, that if we 
fix the values of the wellbore dip angle and the tool rotation 
angle and vary only the wellbore azimuth angle, the relative 
positions of the nine coil configurations of the triaxial tools 
remain constant in relation to the VTI anisotropic medium, 
which is laterally continuous.  
 
Conclusion, for the sake of clarity and simplification, as well 
as to improve code efficiency, we recommend ignoring the 
wellbore azimuth angle in this kind of modeling since it is 
only important in situations with no azimuthal symmetry, 
such as those containing vugs, sand/shale lenses, cross-
stratifications, fracture zones, and similar features. 
 

Introduction 
 
The introduction of the Ultra Deep Azimuthal Resistivity 
(UDAR) induction tools towards the beginning of the last 
decade represents a new generation of Logging While 
Drilling (LWD) geosteering tools providing real-time 
mapping of sedimentary formations, bed-boundaries 
detection, anisotropy determination, and azimuthal 
resistivity measurements for accurate well placement and 
formation evaluation, detection of metal cased holes in 
mature oilfields (Clegg, et al., 2021), and so on. 
 
The UDAR-LWD tools use multi-spacing, multi-
component, and multi-frequency induction measurements 
to implement the look-around the borehole and look-ahead 
the drill-bit techniques used in geosteering when the 
targets are relatively far away. Thus, instead of reactively 
geosteering based on the formation resistivity properties at 
or behind the drill-bit furnished by conventional LWD tools, 
these new technologies allow proactively navigating based 
on the formation resistivities several meters around and/or 
ahead of the bit so that formation boundaries and 
secondary targets may be now mapped, allowing for 
improved planning for future wells (Cunha et al., 2024). 
 

In addition, UDAR-LWD technology opened the possibility 
to integrate surface seismic data to predict formation 
change ahead of the bit in real time to make more informed 
decisions (Mele, et al., 2022). 
 
Figure 1 shows the building blocks for the modern  
multicomponent induction tools (Triaxial-wireline or UDAR-
LWD) which consists of three mutually orthogonal coil 
transmitters (𝑇𝑥′ , 𝑇𝑦′ , 𝑇𝑧′) and coil receivers (𝑅𝑥′ , 𝑅𝑦′ , 𝑅𝑧′) 

in an arbitrary position (𝜃 ≠ 0°; ∅ ≠ 0°;  𝛾 ≠ 0°) within a 

basic 1D VTI anisotropic (𝜎𝑥 = 𝜎𝑦 = 𝜎ℎ; 𝜎𝑧 = 𝜎𝑣 ) layer 

cake model.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The Table 1 shows the nine triaxial magnetic components 
in the instrument coordinate system (tool frame) in which 
its three mutually orthogonal axes 𝑋′𝑌′𝑍′ are aligned with 

the transmitter coil axes (𝑇𝑥′ , 𝑇𝑦′ , 𝑇𝑧′) where 𝐻𝑖𝑗 represents 

the 𝑖th magnetic component due to the 𝑗th component of 

the magnetic dipole source 𝑇𝑗. 

 
 
 
 
 
 
 
 
 
 

The three terms of the diagonal 𝐻𝑥′𝑥′, 𝐻𝑦′𝑦′ and 𝐻𝑧′𝑧′ are 

the direct-coupled signals (parallel source/sensor axes) 
and they are considered the triaxial main components.  The 
signal 𝐻𝑧′𝑧′ is in the traditional coaxial coil configuration 
where the source and receiver axes are aligned with the 

 𝑇𝑥′  𝑇𝑦′  𝑇𝑧′ 

𝑅𝑥′  𝐻𝑥′𝑥′  𝐻𝑥′𝑦′  𝐻𝑥′𝑧′  

𝑅𝑦′  𝐻𝑦′𝑥′  𝐻𝑦′𝑦′  𝐻𝑦′𝑧′  

𝑅𝑧′ 𝐻𝑧′𝑥′  𝐻𝑧′𝑦′  𝐻𝑧′𝑧′ 

 

Table 1 – The nine magnetic signals of the multicomponent 
induction tools in arbitrary position showed in the tool frame. 

Figure 1 – The building block of the multicomponent 
induction tool (triaxial-wireline or UDAR-LWD) within a 1D 
VTI anisotropic layer cake model. 
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longitudinal sonde axis. Its magnitude is usually the biggest 
of all (Zhdanov et al., 2001) since it is predominantly due 
to the horizontal conductivity 𝜎ℎ which is higher than the 

vertical conductivity 𝜎𝑣  in most anisotropic hydrocarbon 

environments. The signals 𝐻𝑥′𝑥′ and 𝐻𝑦′𝑦′ are in the 

coplanar coil configurations where the source and receiver 
axes are parallel to each other and perpendicular to the 
sonde axis. 

Kaufman and Ytskovich (2017) show that the reason 
between the imaginary part of the coaxial signal to one of 
the coplanar signals, in low frequency and vertical wells, 

approximates the VTI anisotropy media ratio 𝜆2 ≈ 𝜎ℎ / 𝜎𝑣. 
 
The remaining off-diagonal six terms, 𝐻𝑥′𝑦′ , 𝐻𝑦′𝑥′ , 𝐻𝑥′𝑧′ ,

𝐻𝑧′𝑥′ ,  𝐻𝑦′𝑧′  ,  𝐻𝑧′𝑦′, are the cross-coupled signals 

(perpendicular source/sensor axes). These data contain 
complementary information about anisotropic resistivity, 
wellbore dipping as well as tool rotation angle around its 
axis. According to Zhang et al. (2004) the signal-to-noise 

ratio in these components is very low, mainly in the four 𝑌-
related cross-coupling, and, consequently, they have been 
neglected in 1D inversion codes and have been exploited 
to provide information only about 3D resistivity structures 
(Bergeron et al., 2022). 
 
Hong et al., 2014 show the sum of 𝐻𝑧′𝑥′ and  𝐻𝑥′𝑧′ 

furnished a symmetrical and square-looking log which 
depend only on horizontal conductivities with little 
nonlinearity. Thus, this new log proposed by them has a 
small shoulder bed effect and, consequently, much higher 
vertical resolution than any two signals alone or even the 
direct coupling signals in horizontally layered formations.   
 
In an actual LWD field situation, the triaxial tool trajectory 
is a continuous 3D line penetrating a 3D earth's subsurface 
and, according to Zhang et al. (2004), it involves five 
angles (formation dip; formation azimuth; wellbore dip; 
wellbore azimuth; and the instrument roll on its axis) and 
four coordinate systems (earth; formation; tool; and coils).  
 
Following the most forward modeling codes used for data 
inversion, for the sake of simplification, we focus on the 
effects of only three relative angles (Fig. 1) on the nine 
signals of the triaxial induction tensor: wellbore dip angle 
𝜃; wellbore azimuth angle ∅, as well as the tool rotation 

angle 𝛾. Thus, just two coordinate systems are necessary 
to obtain the synthetic data: the medium frame 
𝑋𝑌𝑍 (unprimed) and the tool frame 𝑋′𝑌′𝑍′ (primed) 
 
In Fig. 1 the dip angle 𝜃 and azimuth angle ∅ of the 
wellbore are the same of the spherical coordinate system 
but, the roll angle 𝛾 around the 𝑍′ tool axis is not so obvious 
as, according to Zhdanov et al. (2001), it is that which the 

tool’s transverse 𝑥′-source dipole makes with the line of 
intersection of the 𝑋′𝑌′ tool plane with the 𝑋𝑍 medium 
plane.  
   
 
 

Theory and Method 
 
Our goal here is to investigate the sensitivities of each of 
the nine triaxial induction signals in relation to the wellbore 
trajectory angles (𝜃 and ∅) and the tool rotation angle (𝛾) 
around its axis (Fig.1).  
 
This investigation is conducted using a basic 1D layered 
cake model that includes formations with transverse 
isotropy (VTI anisotropy). The model also includes an 
arbitrary wellbore trajectory that penetrates the formations. 
It is assumed that the borehole and fluid invasion effects 
are insignificant.  
 
The layered 1D VTI anisotropic problem is formulated 
using the mathematical tools described by Kaufman and 
Ytskovich (2017). The analytical solutions are written as 
integrals of the Hankel transform, which are evaluated 
numerically using the Quadrature With Extrapolation 
(QWE) method as presented by Key (2012). 
 
The nine triaxial signals of Table 1 can be organized 
mathematically in a square matrix (Eq. 01) named by 

Zhdanov et al. (2001) as magnetic induction tensor 𝐻̂′ in 
the tool coordinate system which is given by: 
 

𝐻̂′ = [

𝐻𝑥′𝑥′ 𝐻𝑥′𝑦′ 𝐻𝑥′𝑧′

𝐻𝑦′𝑥′ 𝐻𝑦′𝑦′ 𝐻𝑦′𝑧′

𝐻𝑧′𝑥′ 𝐻𝑧′𝑦′ 𝐻𝑧′𝑧′

].                                                     (1) 

 
These nine magnetic components are computed from 
analytical formulas for the vertical and horizontal dipole 
sources directed along the coordinate axes of the 
formation coordinate system (Eq. 02), chosen to coincide 
with the main conductivity axes of the 1D VTI anisotropic 
layer cake model.  
 

𝐻̂ = [

𝐻𝑥𝑥 𝐻𝑥𝑦 𝐻𝑥𝑧

𝐻𝑦𝑥 𝐻𝑦𝑦 𝐻𝑦𝑧

𝐻𝑧𝑥 𝐻𝑧𝑦 𝐻𝑧𝑧

].                                                               (2) 

 
We transform the triaxial induction tensor from medium 

frame 𝑋𝑌𝑍 (Eq. 2) to tool frame 𝑋′𝑌′𝑍′ (Eq. 1), or vice-
versa, with three relative rotations that are represented 
mathematically in the overall rotation matrix 𝑅 in Eq. 03 that 
allows us to migrate from the simplest case, which is the 
vertical wellbore without tool rotation (𝜃 = ∅ =  𝛾 = 0°), to 
the more general case which is a deviated wellbore in an 
arbitrary position (𝜃 ≠ 0°; ∅ ≠ 0°;  𝛾 ≠ 0°) which is given by:  
 

𝐻̂′ = 𝑅𝑇 𝐻̂ 𝑅.                                                                                (3) 
 
which 
 
 
 
 
 
To show the nine triaxial logs in the same track and due to 
the large difference in magnitude between the main direct 
signals and the cross-coupling signals, we follow Zhang et 

𝑅 = [
𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 ∅ 𝑐𝑜𝑠 𝛾 − 𝑠𝑖𝑛 ∅ sin 𝛾 −𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 ∅ sin 𝛾 − 𝑠𝑖𝑛 ∅ cos 𝛾 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 ∅
𝑐𝑜𝑠 𝜃 sin∅ 𝑐𝑜𝑠 𝛾 + cos ∅𝑠𝑖𝑛 𝛾 −𝑐𝑜𝑠 𝜃 sin∅ sin 𝛾 + cos∅ cos 𝛾 sin 𝜃 𝑠𝑖𝑛 ∅

−sin 𝜃 cos 𝛾 sin 𝜃 𝑠𝑖𝑛 𝛾 𝑐𝑜𝑠 𝜃
].         (4) 
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al. (2012) and convert the imaginary part of the magnetic 

induction matrix 𝐻̂′ (Eq. 1) to the apparent conductivity 
matrix 𝜎̂′ (Eq. 5) with the geometric weighting matrix 𝐾 (Eq. 
6) through a simple element by element product: 
 

𝜎̂′ = 𝐾 ∙ 𝐻̂′ = [

𝜎𝑥′𝑥′ 𝜎𝑥′𝑦′ 𝜎𝑥′𝑧′

𝜎𝑦′𝑥′ 𝜎𝑦′𝑦′ 𝜎𝑦′𝑧′

𝜎𝑧′𝑥′ 𝜎𝑧′𝑦′ 𝜎𝑧′𝑧′

].                                       (5) 

which 

𝐾 = [

𝐾𝑥′𝑥′ 𝐾𝑥′𝑦′ 𝐾𝑥′𝑧′

𝐾𝑦′𝑥′ 𝐾𝑦′𝑦′ 𝐾𝑦′𝑧′

𝐾𝑧′𝑥′ 𝐾𝑧′𝑦′ 𝐾𝑧′𝑧′

] =

[
 
 
 
 
 
 
8𝜋𝐿

𝜔𝜇

8𝜋𝐿

𝜔𝜇

16𝜋𝐿

𝜔𝜇
8𝜋𝐿

𝜔𝜇

8𝜋𝐿

𝜔𝜇

16𝜋𝐿

𝜔𝜇
16𝜋𝐿

𝜔𝜇

16𝜋𝐿

𝜔𝜇

4𝜋𝐿

𝜔𝜇 ]
 
 
 
 
 
 

. (6) 

 

Results 
 
We discuss geometrically and numerically the results that 
show the wellbore azimuthal symmetry of the triaxial 
induction matrix as well as other angle effects within a five-
layer 1D formation model (Fig. 2) given in Wang et al. 
(2006). This five-layer formation model consists, from top 
to bottom: 1) a very thick anisotropic shale with horizontal 
and vertical resistivity of 1.0 and 2.0 ohm-m, respectively; 
2) a thinly laminated sand/shale layer with a structural 
anisotropy with vertical resistivity of 11 ohm-m and 
horizontal resistivity of 1.9 ohm-m; 3) an oil-bearing 
isotropic sandstone layer with 50 ohm-m resistivity; 4) an 
isotropic water-saturated sand with 0.5 ohm-m resistivity, 
and 5) a very thick isotropic shale of 1.0 ohm-m.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In this simplified study, the triaxial logging tool has only one 
transmitter and one receiver with an offset of 40 in and 20 
kHz operating frequency. Following Wang et al. (2006) and 
Liu, (2017) the triaxial tool crosses the formation layer in 
three cases:  
 

In the first case, the instrument frame (primed) and medium 
frame (unprimed) become the same and the medium 
tensor is equal to the tool tensor since the rotation matrix 

in Eq. 03 becomes an identity matrix (𝑅 = 𝑅𝑇 = 𝐼). Thus, 
the full apparent conductivity matrix (Eq. 05) reduces to 
diagonal matrix in Eq. 07. 
 

𝜎̂′ = [

𝜎𝑥′𝑥′ 0 0
0 𝜎𝑦′𝑦′ 0

0 0 𝜎𝑧′𝑧′

] = [

𝜎𝑥𝑥 0 0
0 𝜎𝑦𝑦 = 𝜎𝑥𝑥 0

0 0 𝜎𝑧𝑧

].      (7) 

 
 
Fig, 3 shows that in vertical wellbores the two coplanar 
signals 𝜎𝑥′𝑥′ and 𝜎𝑦′𝑦′ are always equal and are generally 

smaller than that of the coaxial 𝜎𝑧′𝑧′, except within the 

isotropic oil-bearing sandstone (third layer), due to their 
well-known strongest skin effect within the conductive 
media (Anderson et al., 2002), as well as their high 
sensibility to the formation vertical conductivities 𝜎𝑣 in the 
anisotropic layers.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The so called “horning” effect in front of the bed-boundaries 
in both coplanar logs has been shown by Régis et al. 
(2020) to be associated with the discontinuous current 
density field parallel to the interfaces between layers, 
rather than with surface charge build-up from the 
continuous current across the interface, as was universally 
accepted since the early 1990s. 
 
The second case is a wellbore at oblique angle (𝜃 = 75°) 
in the 𝑋𝑍 plane, where the wellbore azimuth and tool 

Figure 2 – The 1D formation model (Wang et al., 2006) to 
verify the effects of the dip and azimuth of the wellbore as 
well as the tool rotation angle on the triaxial tensor.   

Figure 3 – Case 1: Vertical wellbore where the dip and 
azimuth wellbore angles, as well as the tool rotation angles 
are null (𝜽 = ∅ =  𝜸 = 𝟎). 



AZIMUTHAL SYMMETRY OF THE TRIAXIAL INDUCTION TENSOR WITHIN A VTI ANISOTROPY LAYER MODEL. 
 ____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________  

X Simpósio Brasileiro de Geofísica 

 

4 

rotation angles are null (∅ =  𝛾 = 0°). Thus, the off-
diagonal positions start to appear in the apparent 
conductivity matrix because the two cross-coupling signals 
𝜎𝑧′𝑥′ and  𝜎𝑥′𝑧′ are no longer null and indicate the loss of 

verticality of the wellbore since they are very sensitive to 
dip changes even at angles close to zero (Zhang et al., 
2004). 
 

𝜎̂′ = [

𝜎𝑥′𝑥′ 0 𝜎𝑥′𝑧′

0 𝜎𝑦′𝑦′ 0

𝜎𝑧′𝑥′ 0 𝜎𝑧′𝑧′

].                                                      (8) 

 
The four-remaining 𝑌-related cross-coupling signals 

remain null (𝜎𝑥′𝑦′ = 𝜎𝑦′𝑥′ = 𝜎𝑦′𝑧′ = 𝜎𝑧′𝑦′ = 0) because the 

tool rotation angle is zero (𝛾 = 0) and, consequently, the 

𝑌-antennas (sources or receivers) are normal to the 𝑋𝑍 
plane and parallel to the VTI model layers. 
 
Fig. 4 shows that all these five signals also suffer the 

“horning” effect since the 𝐻𝑥𝑥 and 𝐻𝑦𝑦 play an important 

role in their compositions. The two cross-coupling signals 
𝜎𝑥′𝑧′ and 𝜎𝑧′𝑥′ have a good sensibility to anisotropy. They 

appear in the VTI anisotropic homogeneous medium (top 
thick layer) but are zero in the isotropic homogenous 
medium (bottom thick layer). These two logs differ only in 
front of the bed boundaries because of the “horning” effect. 
The four 𝑌-related cross-coupling logs (𝜎𝑥′𝑦′ ,  𝜎𝑦′𝑥′ , 𝜎𝑦′𝑧′, 

𝜎𝑧′𝑦′) remain null and show as a straight line because the 

tool rotation angle is still zero (𝛾 = 0) and their 𝑌-antennas 
(sources or receivers) are lined up parallel to the VTI layers 
model. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The third case is also an inclined wellbore (𝜃 = 75°) in the 

same medium 𝑋𝑍 coordinate plane (∅ = 0°) but now the 

tool rotation angle is no longer zero (𝛾 = 330°). The off-
diagonal positions in the induction matrix are fully 
populated because their 𝑌-antennas are no longer parallel 
to the bed boundaries.  
 
Fig. 5 shows that none of the signals is null, and all present 
“horning” in front of the bed boundaries. The sensitivity to 
the anisotropy described to the cross-signals 𝜎𝑥′𝑧′ and 

𝜎𝑧′𝑥′ is also observed in the four 𝑌-related cross-coupling 

𝜎𝑥′𝑦′ ,  𝜎𝑦′𝑥′ , 𝜎𝑦′𝑧′, 𝜎𝑧′𝑦′ signals. The two cross-signals 𝜎𝑥′𝑦′ 

and  𝜎𝑦′𝑥′ are the smallest of the induction matrix and they 

are identical even in terms of “horning” effects.   
 
Comparing the respective logs of Figs. 4 and 5 we verify 
that the tool rotation angle 𝛾 affects all signals, except 𝜎𝑧′𝑧′, 
due to the coaxial rotation symmetry in which the source 
and receiver axes are aligned with the longitudinal tool 
axis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The fourth case is a general situation in which the wellbore 
and the triaxial tool are in an arbitrary position (𝜃 = 75°, 
∅ = 30°;  𝛾 = 330°) outside of any medium coordinate 
plane (Fig. 6).  
 
The Figs. 5 and 6 are identical and show that if we fix the 
values of the wellbore dip angle 𝜃 and the tool rotation 

angle 𝛾 and vary freely the wellbore azimuth angle 0° ≤
∅ < 360°, the relative positions of the nine coil 
configurations of the triaxial tool remain constant in relation 

Figure 4 – Case 2: dipping wellbore (𝜽 = 𝟕𝟓°) in the 𝑿𝒁 
coordinate plane where its azimuth and the tool rotation 

angles are null (∅ =  𝜸 = 𝟎). 

Figure 5 – Case 3: dipping wellbore (𝜽 = 𝟕𝟓°) in the 
coordinate plane 𝑿𝒁 where the azimuth angle is null (∅ =
𝟎) but the tool rotation angles is not (𝜸 = 𝟑𝟑𝟎°). 
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to the VTI anisotropic medium, which is laterally continuous 
and isotropic.  
 
In a simple VTI homogeneous anisotropic whole space, 
these signals have closed algebraic formulas (Zhdanov et 
al., 2001 and Liu, 2017). Therefore, it is possible to check 
this azimuthal symmetry for any of the nine signals of the 
triaxial induction matrix. 
 

In the interest of saving space, we showed here only the 
numerical results. Without losing generality, the interested 
reader may calculate this derivative for the simplest case 
that is the coplanar 𝐻𝑦′𝑦′ signal for 𝜃 ≠ 0°; ∅ ≠ 0°  and 𝛾 =

0° which is given by: 
 

𝐻𝑦𝑦
′ = (𝑠𝑖𝑛 ∅)2𝐻𝑥𝑥 − 𝑠𝑖𝑛 ∅ 𝑐𝑜𝑠 ∅𝐻𝑦𝑥 − 𝑠𝑖𝑛 ∅ 𝑐𝑜𝑠 ∅𝐻𝑥𝑦 +

               (𝑐𝑜𝑠 ∅)2𝐻𝑦𝑦                                                                      (9) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Thus, due to this azimuthal symmetry (𝜕𝐻̂′/𝜕∅ = 0), 
contrary to most works in the available literature as, for 
example, Zhu et. al, 2023; Liu, 2017; He et. al, 2015, Wang 
et al., 2006, among others, we recommend, without any 
loss of generality, ignore the wellbore azimuth angle (∅ =
0 in Eq. 4) in this type of 1D VTI modelling and consider 

only the wellbore dip angle 𝜃 and the instrument roll angle 

𝛾, i.e., positioning the tool just in the 𝑋𝑍 coordinate plane, 
analogous to what Zhdanov et al. (2001) does to the VTI 
anisotropic whole space. 

 

Conclusion 
 
The numerical responses generated by 1D code show that 
if we fix the values of the wellbore dip angle and the tool 
rotation angle and vary freely the wellbore azimuth angle, 
the relative positions of the nine coil configurations of the 
triaxial tool remain constant in relation to the VTI 
anisotropic medium, which is laterally continuous and 
isotropic. 
 
Most of the available literature works are unclear regarding 
the description and effects on the triaxial induction tensor 
of these three relative angles, especially the wellbore 
azimuth angle, which is often confused with that of the tool 
rotation angle. Many of these works present these three 
angles in their illustration models and in the rotation matrix 
even though their models have perfect rotation symmetry. 
 
To improve understanding and simplify the code for 
improved efficiency, we strongly advise disregarding the 
wellbore azimuth angle in this type of 1D modeling. This 
angle is only significant in situations not having azimuthal 
symmetry, such as those involving vugs, sand/shale 
lenses, cross-stratifications, fracture zones, and similar 
features. 
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